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Abstract: We present a signomial programming optimization approach to restore binary images
which are degraded by additive white Gaussian noise. Numerical experiments confirm the proposed
approach is efficient with good accuracy.
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1. Introduction

Digital images are imperfect representations of scenes in the real world, because the data are subjected to degrada-
tions such as blur, noise and rounding error. One special case is when the true scenery is binary, such as for docu-
ment, bar code, handwritten signatures, and vehicle license plates, but is then degraded by additive white Gaussian
noise during imaging. Restoring the noisy binary images is therefore necessary. Numerous attempts have been made
to deal with binary image restoration. The average mean square error (AMSE) method by Meloche and Zamar [1] is
highly dependent on the content of the image, which means the AMSE criterion is inadequate in some cases. Hitch-
cock and Glasbey [2] tried to restore images of blob-like and filamentous objects. Neifeld et al. [3] included prior
knowledge concerning local correlations among pixel values into the Viterbi-based restoration process. Gu et al. pro-
posed the pulse coupled neural network to restore binary images degraded by white Guassian noise. Chan et al. [4]
provided a convergent method of finding a minimizer of the total-variational functional to restore binary images.
Generally speaking, noisy image formation can be modeled as:

g(x1, x2) = f(x1, x2) + n(x1, x2), (1)

where f(x1, x2) and g(x1, x2) represent the true and the degraded image respectively, and n(x1, x2) is the additive
noise.

The combinatorial nature of binary image denoising has been noted in [5, 6]: for each pixel position i of an im-
age, the pixel value gi originates from either of two known prototype values u1 and u2; in practice, g is real-valued
due to blurring and noise. To restore a discrete-valued image function represented by the vector x ∈ {−1,+1}n from
the measurement g, we would like to minimize the functional:

z(x) =
1
4

∑
i

((u2 − u1)xi + u2 + u1 − 2gi)2 +
λ

2

∑
<i,j>

(xi − xj)2, (2)

in which λ is the smoothness term parameter, and the second term sums over all pairwise adjacent pixels on the reg-
ular image grid in both vertical and horizontal directions. The combinatorial problem is relaxed to a convex opti-
mization problem, and can be solved using Positive Semidefinite Programming [7]. The computation time quickly
grows with the number of variables, however. The optimization process is further explored in [8] to restore binary
images degraded by blur and noise, where an overlapping method over image blocks is applied to decrease computa-
tion complexity to a more reasonable time.

The development of Geometric Programming (GP) has the potential to make a much faster restoration of bi-
nary images. New solution methods can solve even large-scale GP problems efficiently and reliably with reasonable
speed [9, 10]. In this paper, we aim to apply these developments in binary image restoration.

2. Binary Image Restoration Using SP

GP is a type of mathematical optimization problem characterized by objective and constraint functions that have a
special form [10]. The basic approach in GP modeling is to express a practical problem in the standard format. Let
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X1, . . . , Xn denote n real positive variables, and X = (X1, . . . , Xn) a vector with component Xi, a Generalized
Geometric Program (GGP) has the form:

minimize f0(X)
subject to fi(X) ≤ 1, i = 1, . . . ,m,

hi(x) = 1, i = 1, . . . , p, (3)

where h1, . . . , hp are monomials and f0, . . . , fm are generalized posynomials [10]. A signomial is a function with
the same form as a posynomial, where the coefficients are allowed to be negative. A Signomial Program (SP) is a
generalization of a geometric program, which has the form of a GGP in (4), but the objective and constraint functions
can be signomials.

Our task at hand is to minimize the expression in (2). If we consider only the first term and note that the vari-
ables in a GP have to be positive, without loss of generality we assign u1 = 1 and u2 = 3 and scale gi accordingly.
Thus, the minimization of z(x) in (2) can be solved by the computation of the following optimization problem:

minimize
∑

i

x2
i +

∑
i

g2
i − 2

∑
i

xigi

subject to xi = 1 or 3. (4)

3. Solving the Optimization Problem

The optimization problem above has the format of a SP. There are several ways to solve this. The first approach is a
standard branch and bound technique, which does not utilize the special structure of SP and thus is not widely used.
Another approach to solve it is to convert it into a complementary GP [9], which allows upper bound constraints on
the ratio between two posynomials and then applies a monomial approximation iteratively. In this paper, we convert
the SP into a reversed GP [9], and then apply a monomial approximation to solve the problem. Reversed GP refers
to minimizing a posynomial subject to both upper and lower bound inequality constraints. Further details on the re-
versed GP are given in [11].

Let f01(x) =
∑

i x2
i +

∑
i g2

i , f02(x) = 2
∑

i xigi, and the monomial terms with negative multiplicative coeffi-
cients f02(x) are separated from those monomial terms with positive multiplicative coefficients f01(x). We introduce
an auxiliary variable t ≥ 0 and turn the objective to the minimization of t, with an additional constraint

f01(x)− f02(x) ≤ t,

which may be written as
f01(x) ≤ s ≤ f02(x) + t,

where s ≥ 0 is another auxiliary variable. If we can approximate the posynomial f02(x) + t with a monomial, then
a lower bound on f02(x) + t becomes an upper bound on a monomial, which is allowed in standard form GP. We
can use a simple approximation based on the geometric inequality that leads to the development of GP: that the arith-
metic mean is greater than or equal to the geometric mean. Therefore,

f02(x) + t = 2
∑

i

xigi + t ≥ Πi

(
2gixi

αi

)αi

×
(

t

αt

)
= f ′02(x), (5)

where
∑

i αi + αt = 1. One possibility of computing αi and αt is to let

αi = 2gixi/ (f02(x) + t) , ∀i, and αt = t/ (f02(x) + t) ,

where we choose gi to be xi. Thus the problem can now fit in a standard GGP format:

minimize t

subject to s−1f ′02(x)−1 ≥ 1,

s−1f01(x) ≤ 1,

xi ≤ 3,

xi ≥ 1. (6)

Several software packages are available to solve GPs, including MOSEK [12], TOMLAB [13] and YALMIP [14].
In our implementation, we use the GP software package GPCVX [15] to solve the optimization problem in (6), after
the solution is obtained, xi ≤ 2 will be assigned value u1, and xi > 2 will be assigned value u2.
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4. Experimental Results and Conclusions

We apply the image restoration algorithm on text images corrupted with additive white Gaussian noise. In Figure 1,
(a) is the noisy image with Gaussian noise that has zero mean and variance of 0.01 (or standard deviation of 0.1).
(b) is the restored image, which evidently is a lot cleaner. Figure 2 shows the same set of experiment with twice the
variance, where (c) is the noisy image and (d) is the restored result. We can also see that the restored image is binary
and has not many pixel errors.

(a) Noisy image (b) Restored image

Fig. 1: Restoration of noisy binary image with noise variance of 0.01.

(a) Noisy image (b) Restored image

Fig. 2: Restoration of noisy binary image with noise variance of 0.02.

This paper has presented a novel approach to restore noisy binary images using Signomial Programming. Exper-
imental results shows that the approach is fast and accurate. Further research will include the smoothness term in (2)
for better restoration performance, and potentially leads to restore binary images degraded by noise and blur.
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