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Abstract— This paper is concerned with the design of a non-
negative matrix factorization algorithm for image analysis. This
can be used in the context of blind source separation, where each
observed image is a linear combination of a few basis functions,
and that both the coefficients for the linear combination and
the bases are unknown. In addition, the observed images are
commonly corrupted by noise. While algorithms have been
developed when the noise obeys Gaussian or Poisson statistics,
here we take it to be Laplacian, which is more representative
for other leptokurtic distributions. It is applicable for cases
such as transform coefficient distributions and when there are
insufficient noise sources for the Central Limit Theorem to apply.
We formulate the problem as an L1 minimization and solve it
via linear programming.

I. INTRODUCTION

In many applications, the signals that we acquire are often
mixtures of a certain small set of prototype signals, and the
problem at hand is to unravel the mixture. For example,
a classical problem in biomedical signal processing is to
extract the fetal electrocardiogram (ECG) from a mixture of
bioelectric signal of the pregnant woman, such as maternal
heart activity [1]. Similar problem also exists for images [2].
Consider the human face recognition problem. The goal is to
represent each face by a small selection of individual parts
(such as eyes, ears, mouth, and nose). The representation,
however, would seldom be perfect, and the “error” may be
attributed to the imperfection in restricting to a small number
of bases, or noise in the data acquisition.

Mathematically we can formulate the above problem, com-
monly known as blind source separation (BSS), as follows.
Assume we have n observed images, each with m pixels, so
that by a raster scan we can represent each of them with a
length-m vector. We then seek to approximate each one by a
different linear combination of r basis vectors. Often, r ! n,
so that we are limiting ourselves to a few bases in representing
the often large amount of data. In terms of equations, we seek
to write
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where [d1j . . . dmj ]T denotes the jth observation data,
[b1k . . . bmk]T denotes the basis vector, and wkj are the

weights applied to the kth basis vector to form data j.
In many image analysis problems, the observation and the
basis functions should be non-negative, as are the weights
concerned [3]. Thus, we require that dij # 0, bir # 0, and
wrj # 0 for i = 1, . . . ,m, j = 1, . . . , n, and k = 1, . . . , r.
Note that we can compactly write Equation (1) using matrix
notations as

D = BW + N, (2)

where D, B, W, N are m$n, m$r, r$n, and m$n matrices
respectively. N is used to incorporate the error between the
observed data D and the weighted combination of the bases
BW. The non-negativity constraints can also be written as
D % 0, B % 0, and W % 0, using curled inequality
sign to denote componentwise inequality. The BSS problem
formulated this way is called non-negative matrix factorization
of the observation D [3].

It is common to model N as a multivariate Gaussian distri-
bution. In that case, one can show that the non-negative matrix
factorization problem can be tackled with a minimization of a
cost function CGaussian, where

CGaussian = &D ' BW&2
F . (3)

&·&F is used to denote the Frobenius norm [4], i.e.
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On the other hand, additive non-Gaussian noise also arises in
many important scenarios, such as image transform coefficient
distributions [5] and when there is an insufficient number
of identical noise sources for the Central Limit Theorem to
apply [6]. In these instances, Laplacian distribution is a more
appropriate model, given its leptokurtic nature. Thus in this pa-
per, we develop a non-negative matrix factorization algorithm
where the noise statistics is assumed to follow the Laplacian
statistics. The derivation is given in Section II. Simulation
results are given in Section III, with some concluding remarks
in Section IV.
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II. NON-NEGATIVE MATRIX FACTORIZATION ALGORITHM

We tackle Equation (2) using a maximum likelihood ap-
proach [7]. Since the probability distribution of D is the same
as that of N, we can maximize the likelihood D by choosing
the various possible parameters B and W. Therefore, we have

(BML,WML) = arg max
B!0,W!0

P(D|B,W), (5)

where P denotes probability. Provided P (= 0, using the fact
that logarithm is a monotonic transformation, we can rewrite
the equation above as

(BML,WML) = arg max
B!0,W!0

logP(D|B,W). (6)

Substituting with the Laplacian distribution equation, we have

P([D]ij |B,W) =
!

2
e"!|[D"BW]ij |, (7)

where ! is the parameter of the Laplacian distribution [8].
Therefore,
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The first term above is a constant. Thus, to maximize the
likelihood, we can tackle the following optimization problem:

minimize &D ' BW&1

subject to B % 0
W % 0

, (11)

where we use the L1 norm on the matrix as if it has been put
in lexicographic ordering, i.e.

&D&1 =
m'

i=1

n'

j=1

|dij |. (12)

Unfortunately, the optimization problem in Equation (11)
is not jointly convex in B and W, making it very difficult
to find a global optimal solution. Instead, as with other
algorithms in non-negative matrix factorization, we use an
iterative scheme to find a local minimum instead. This is
achieved by alternating minimization, where at each iteration
either B or W is taken as fixed and the other as variable for
the minimization. The resulting problem is then convex and
can be solved efficiently [9]. For L1 norm minimization, we
can even cast it as linear programming, as shown below.

We first assume B is fixed and we seek to minimize the
objective function in Equation (11) taking W as the variable.
Because of symmetry between B and W, holding W fixed and
minimizing with respect to B will be analogous. If we use d#j

Fig. 1. The four basis images used in simulation.

and w#j to denote the jth column of D and W respectively,
Equation (11) can be decomposed into optimization problems:

minimize &d#j ' Bw#j&1

subject to w#j % 0 (13)

for every column of D and W. To convert it to a linear
program, we introduce an auxiliary variable t [10], which is
a vector of length m. The above problem is equivalent to:

minimize &t&1

subject to d#j ' Bw#j ) t
d#j ' Bw#j % 't
w#j % 0

(14)

and, in turn, using s =
/

w#j

t

0
, can be recast as:
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subject to

1
'B 'I

2
s ) 'd#j1

B 'I
2
s ) d#j1

'I 0
2
s ) 0

(15)

which is a standard linear program in s. The solution w#j can
be extracted as the first part of this vector.

III. SIMULATION

In this section, we experiment the linear programming-
based non-negative matrix factorization algorithm above with
simple images to test the efficacy of the approach. Four basis
images are generated as shown in Figure 1. They are randomly
selected among the sixteen 4 $ 4 discrete cosine transform
(DCT) basis images, given by the equation [11]

Iu,v(x, y) = "(u)"(v) cos
-

(2x + 1)#u

8

.
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-
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8

.

(16)
where 0 * x, y * 3 are the pixels, for values of u and v
between 0 and 3 inclusive. To preserve the unitary nature of
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Fig. 2. Six out of the 36 observed images used in simulation.

DCT, we take

"(µ) =

3
4

5

6
1
n : µ = 06
2
n : otherwise.

(17)

We then generate 36 images that are linear combinations of
these basis images, with the coefficients for each image being
uniformly distributed between 0 and 0.25, and noise is then
added to generate the observed images. Six of these observed
images are given in Figure 2.

We run the non-negative matrix factorization algorithm
above with no knowledge of the basis images and mixing coef-
ficients, and track the cost function CLaplacian = &D ' BW&1.
This is given in Figure 3. Note that we do not expect it to
decrease to zero because of the existence of noise. As can
be seen, the cost decreases rapidly in the initial iterations,
but much slower soon afterwards. This trend is similar to
several other non-negative matrix factorization schemes, such
as in [12].

We can also observe the estimated basis images given in
Figure 4. While these images are not identical to those in
Figure 1, which would be very difficult to achieve given the
existence of noise, they nevertheless bear certain similarity,
such as the location of bright and dark pixels.

IV. CONCLUSIONS

In this paper we propose a non-negative matrix factorization
algorithm for blind source separation of images, using linear
programming as the computational core. Preliminary simula-
tion results show that this approach is viable to recover char-
acteristics of the basis images. As with the case for Gaussian
noise, further restrictions such as sparsity can be added to the
bases and mixing coefficients [13], [14]. We expect that such
additional prior knowledge can help to enhance the quality of
the factorization.
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Fig. 3. The value of the cost function during each iteration.

Fig. 4. The estimated image bases generated from non-negative matrix
factorization of the observed images.
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