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ABSTRACT
The perspective effect is common in real optical systems using projected patterns for machine vision applications. In
the past, the frequencies of these sinusoidal patterns are assumed to be uniform at different heights when reconstructing
moving objects. Therefore, the error caused by a perspective projection system becomes pronounced in phase-measuring
profilometry, especially for some high precision metrology applications such as measuring the surfaces of the semiconduc-
tor components at micrometer level. In this work, we investigate the perspective effect on phase-measuring profilometry
when reconstructing the surfaces of moving objects. Using a polynomial to approximate the phase distribution under a
perspective projection system, which we call a polynomial phase-measuring profilometry (P-PMP) model, we are able
to generalize the phase-measuring profilometry model discussed in our previous work and solve the phase reconstruction
problem effectively. Furthermore, we can characterize how the frequency of the projected pattern changes according to
the height variations and how the phase of the projected pattern distributes in the measuring space. We also propose a
polynomial phase-shift algorithm (P-PSA) to correct the phase-shift error due to perspective effect during phase recon-
struction. Simulation experiments show that the proposed method can improve the reconstruction quality both visually and
numerically.

Keywords: Three-dimensional image acquisition, industrial inspection, surface measurements, profilometry

1. INTRODUCTION
In recent years, structured-light-based surface reconstruction methods are very popular in both academia and industry.1–3

Some of these machine vision systems have been applied in inspection tasks such as measuring the surfaces of semicon-
ductors.4, 5 Surface decoding methods based on binary patterns have also been proposed for surface reconstruction,6, 7 but
due to their discrete nature, such methods are not ideal for dense surface reconstruction.8 Phase-shift algorithm (PSA)
within phase-measuring profilometry (PMP) is one of the most important non-contact dense surface reconstruction meth-
ods. By projecting multiple sinusoidal patterns onto a surface, PSA decodes the phase caused by the height variation for
surface profilometry. Recently, Deng et al. used the locally smoothing property of the surface in a regularized phase-shift
algorithm (R-PSA) and applied this R-PSA in a high precision semiconductor inspection.9 Later on, Gupta and Nayar
proposed micro phase-shift technique to handle interreflections and illumination defocus effect.10 Last but not least, Deng
et al. presented an illumination-invariant phase-shift algorithm (II-PSA) to improve the reconstruction result of a moving
object under uneven illumination.11 In this work, we investigate the perspective effect on phase reconstruction and handle
this nonlinear effect when reconstructing a moving object.

For simplicity, we consider a one-dimensional imaging model. At location x, let B(x) be the background intensity,
C(x) be the fringe contrast, φk(x, h) be the phase of the kth projected sinusoidal fringe pattern, and Nk(x) be the additive
noise.12 We can model the captured image intensity Ik(x) as

Ik(x) = B(x) + C(x) cos[φk(x, h)] +Nk(x), (1)
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Figure 1. The perspective model in phase-measuring profilometry.

where k = 1, . . . , n. In addition, let the spatial frequencies of the sinusoidal pattern be fx and fz along the x- and
z-directions.13 Then, the phase of the projected pattern can be modeled by

φ(x, h) = 2πfxx+ 2πfzh. (2)

For the kth image, let the corresponding phase-shift be θ(sk). Then,

φk(x, h) = φ(x, h) + θ(sk). (3)

We can accomplish the phase-shift θ(sk) of the pattern by two ways. First, we keep the object fixed and move the
sinusoidal grating through a piezoelectric transducer (PZT). However, the nonlinearity of PZT introduces phase-shift error
during reconstruction.14 Moreover, we can only reconstruct the surface of the object within the restricted small field of
view (FOV). A better way is to keep the grating fixed and move the object by sk along the x-direction.15 In this case,

θ(sk) = 2πfxsk. (4)

Using four-frame PSA with phase-shift θ(sk) = (k − 1)π/2 as an example, we have

φ(x, h) = arctan

{
I4(x)− I2(x)
I1(x)− I3(x)

}
. (5)

In the following section, we analyze the perspective effect of the optical system on the phase distribution. Then, in Sec-
tion 3, we propose a polynominal phase-measuring profilometry (P-PMP) model for characterizing the phase distribution
and a polynomial phase-shift algorithm (P-PSA) for surface reconstruction. Experimental results and concluding remarks
are given in Sections 4 and 5, respectively.

2. THE PERSPECTIVE EFFECT ON PHASE-MEASURING PROFILOMETRY
The perspective effect is common in most optical systems, and this nonlinearity considerably affects the micro deformation
measurements of curved surfaces.16 Often, the phase-shifts are assumed to be uniform at different heights when recon-
structing the surface of a moving object.11 Accordingly, the phase-shift error caused by the perspective effect of the optical
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system becomes more pronounced in PMP. In the perspective model as shown in Figure 1, we assume that the distances
from the illumination source to the grating plane and the reference plane are D and H , respectively, and the spatial fre-
quency of the grating is f . At the point p0 on the reference plane, the magnification of the projected pattern relative to the
grating is H/D by similar triangles. Then, the phase at this point can be described as

φ(x0, 0) = 2πfxx0 = 2πf
D

H
x0. (6)

This corresponds to the phase at the point g0 on the grating.16 Due to perspective effect, the magnification varies at different
heights. Then, the phase at the point p1 can be modeled in an analogous manner by

φ(x0, h) = 2πf
D

H − h
x0. (7)

This model shows that the spatial frequency of the sinusoidal pattern varies according to the height of the measured point.
When the object moves from x0 to x0 + sk, the resulting phase-shift is

θ(sk, h) = 2πf
D

H − h
sk. (8)

This insight tells us that we need to consider the nonlinear perspective effect on the phase-shifts for high accuracy
surface reconstruction of a moving object. To reduce this nonlinear effect on phase reconstruction, we propose the P-PMP
model to characterize it on the phase distribution and the P-PSA to solve the phase reconstruction problem.

3. THE POLYNOMIAL PHASE-MEASURING PROFILOMETRY MODEL AND THE
POLYNOMIAL PHASE-SHIFT ALGORITHM

3.1 The polynomial phase-measuring profilometry model
To simplify the nonlinear perspective model of the phase distribution in Equation 7 and the phase-shift in Equation 8, we
expand the perspective dependent coefficient as a function of h/H based on its Taylor series expansion at zero as

D

H − h
=
D

H

(
1− h

H

)−1

=
D

H

[
1 +

h

H
+O

(
h2

H2

)]
. (9)

In the reconstruction of semiconductor surfaces for industrial applications, the corresponding machine vision systems
usually have small measuring range compared with the distance H . So for this application, we can assume h� H . Thus,
we can ignore the second and higher orders for the phase of the projected pattern such that

φ(x, h) = 2πf
D

H − h
x ≈ 2πf

D

H
x+ 2πf

D

H2
xh. (10)

For simplicity, we denote ωx = 2πf D
H and ωxz = 2πf D

H2 . Then, above phase model becomes

φ(x, h) = ωxx+ ωxzxh. (11)

Since the highest degree of this polynominal is two, after transforming the coordinates from current coordinate system to
a general coordinate system by rotations and translations, the phase distribution can still be represented by a polynominal
with a degree of two.17 In this general polynominal formulation, there are totally six terms, namely x2, xh, h2, x, h and
the constant term φ0. Similarly, let ωxx, ωxz , ωzz , ωx, ωz and 1 be the corresponding coefficients of these terms. Then, we
can obtain the following P-PMP model

φ(x, h) = ωxxx
2 + ωxzxh+ ωzzh

2 + ωxx+ ωzh+ φ0. (12)

Based on the special selection of the coordinate system x–z as shown in Figure 1, we have obtained a simplified version
of P-PMP model with only two non-zero terms in Equation 11.

In the following section, we show how to formulate the phase reconstruction as an optimization problem based on this
P-PMP model.
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3.2 The polynomial phase-shift algorithm
Since the phase distribution remains the same when the optical system is fixed, based on Equation 5, we can first compute
the phases at static points with known positions and heights in the measuring space.18 With these reconstructed phases,
we can then estimate the coefficients of the proposed P-PMP model by polynominal fitting. Next, we obtain the phase
distribution φ(x, h) within the measuring space. After calibration, for an object moving from x to x+ sk in the measuring
space, the imaging model can be described by

Ik(x) = B(x) + C(x) cos[φ(x, h) + θ(x, h, sk)] +Nk(x), (13)

where the phase-shift

θ(x, h, sk) = φ(x+ sk, h)− φ(x, h) = ωxxs
2
k + 2ωxxxsk + ωxzskh+ ωxsk. (14)

Let Ek(x, h) be the residual error of the imaging model, i.e.,

Ek(x, h) = Ik(x)−B(x)− C(x) cos[φ(x, h) + θ(x, h, sk)]. (15)

We can formulate the phase reconstruction as an optimization problem. The optimal height h for the reconstructed point x
can be obtained by minimizing

E(x, h) =

n∑
k=1

E2
k(x, h). (16)

Furthermore, we let

M =


1 cos θ(x, h, s1) − sin θ(x, h, s1)
1 cos θ(x, h, s2) − sin θ(x, h, s2)
...

...
...

1 cos θ(x, h, sn) − sin θ(x, h, sn)

 , (17)

v =

v1v2
v3

 =

 B(x)
C(x) cos(φ(x, h))
C(x) sin(φ(x, h))

 and i =


I1(x)
I2(x)

...
In(x)

 . (18)

With these matrix and vector formulations, the optimization problem becomes minimizing

E(x, h) = ‖Mv − i‖22. (19)

Since h is unknown, to minimize above cost function, we can plug the estimated ĥ from a conventional PSA into Equa-
tion 17. Then, we get

v = (MTM)−1MT i, (20)

and

φ(x, h) = arctan

{
v3
v2

}
. (21)

The height can be solved from the roots of the polynominal in Equation 12. And one of the roots closer to ĥwill be adopted
as the final solution. The heights of the whole surface can be reconstructed point-by-point in an analogous manner.

4. EXPERIMENTS
In the conventional PSA, the phase-shift error caused by the perspective effect is interpreted as a phase offset related to the
height, which introduces error in the reconstruction process. To compare the effectiveness of the proposed P-PSA with PSA
for handling the perspective effect, we simulate a tilted homogeneous plane from −200µm to 200µm for reconstruction.
From Equation 14, only the coefficient of the second-order term ωxz introduces the height-dependent phase-shift error
when the object moves along the x-direction. Hence, we only need to simulate non-zeros ωx, ωz and ωxz to study the
perspective effect.
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Figure 2. (a) to (d) show the image sequences of the tilted plane moving along the x-direction, and these marked regions correspond to
the same physical location of the plane among the image sequences; (e) to (h) show these aligned regions of interest extracted from the
image sequences, and they are used for reconstructing the moving surface.

In one of the experiments, we synthesize a perspective system as shown in Figure 1, with the projection angle α = 30◦.
We let the resolution be 20µm per pixel for the reference plane (i.e., h = 0) and the fringe period be 12 pixels along the
x-direction on this reference plane. Due to perspective effect, there is a 1% magnification variation in the measuring range
from−200µm to 200µm, and the fringe period in this synthesized system varies from 11.94 pixels at h = 200µm to 12.06
pixels at h = −200µm. Hence, we can adopt our P-PMP model with ωx = 0.5236, ωz = 0.3023 and ωxz = 0.00025 to
characterize the phase distribution for this perspective system. With this, we synthesize the images with size of 256× 256
for the tilted plane based on the imaging model in Equation 1.
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Figure 3. Reconstruction results of a tilted plane. (a) is the synthesized plane for reconstruction; (b) is the reconstruction error with the
PSA; (c) is the reconstruction error with the P-PSA.

In this experiment, we synthesize the background intensity B(x) = 100, the fringe contrast C(x) = 80, and the
additive Gaussian noise with a standard deviation of 5 intensity levels. When the tilted plane moves by s1 = 0, s2 = 63,
s3 = 126, and s4 = 189 pixels along the x-direction, the corresponding images are shown in Figure 2(a) to (d). The PSA
uses the uniform phase-shifts θ(sk) = ωxsk to reconstruct the whole surface. However, the P-PSA corrects the phase-shift
point-by-point and reduces the error caused by the perspective effect. The reconstruction results from the PSA and the
P-PSA are shown in Figure 3(b) and (c) respectively. The standard deviations of their error are 13.2µm and 2.7µm on the
reconstructed surfaces. Furthermore, there is a structural pattern on the error of the reconstruction result from the PSA. We
can also see that at those regions with the heights deviating from zero such as on the upper and lower parts of the plane, the
reconstruction error is large. In comparison, in the proposed P-PSA, we can correct this phase-shift error during the phase
reconstruction. Comparing the reconstruction results from the PSA and the P-PSA, we can see that the structural error
pattern due to perspective effect has been corrected, and only random error pattern caused by the additive noise remains in
the reconstructed surface by the P-PSA.

5. CONCLUSIONS
The perspective effect has been modeled by the proposed P-PMP model and a P-PSA has been developed for surface
reconstruction of a moving object. Experimental results verify the effectiveness of this proposed approach.
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