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ABSTRACT
A high throughput is often required in many machine vision systems, especially on the assembly line in the semiconductor
industry. To develop a non-contact three-dimensional dense surface reconstruction system for real-time surface inspection
and metrology applications, in this work, we project sinusoidal patterns onto the inspected objects and propose a high
speed phase-shift algorithm. First, we use an illumination-reflectivity-focus (IRF) model to investigate the factors in image
formation for phase-measuring profilometry. Second, by visualizing and analyzing the characteristic intensity locus pro-
jected onto the intensity space, we build a two-dimensional phase map to store the phase information for each point in the
intensity space. Third, we develop an efficient elliptic phase-shift algorithm (E-PSA) for high speed surface profilometry.
In this method, instead of calculating the time-consuming inverse trigonometric function, we only need to normalize the
measured image intensities and then index the built two-dimensional phase map during real-time phase reconstruction.
Finally, experimental results show that it is about two times faster than conventional phase-shift algorithm.

Keywords: Three-dimensional image acquisition, phase-shift algorithm, industrial inspection, surface measurements, pro-
filometry

1. INTRODUCTION
Surface profilometry using optical methods has attracted more and more attentions from both academia and industry.1

Accuracy, resolution and speed are the most important factors to characterize the technical performances of a three-
dimensional surface imaging system.2 Most of the time, we have to make trade-offs between them and choose different
surface reconstruction methods for different applications.3 In recent years, surface profiling is particularly challenging
in certain applications such as in the semiconductor industry, due to two conflicting requirements: a small feature size
requiring a high precision, and the need for a high throughput.4 For these high resolution dense surface reconstruction ap-
plications, phase-shift algorithm (PSA) is one of the optical methods.5 And this method becomes more and more popular,
accompanied with the recent advances in digital light projection and imaging sensor technologies.6, 7

For simplicity, we describe the PSA based on a one-dimensional imaging model at one row and denote this row
as x-direction. And we can obtain the whole surface profile row-by-row in an analogous manner based on this one-
dimensional model.8 By shifting a sinusoidal grating to n even positions sk, where k = 1, . . . , n, the resulting phase-shifts
are θ(sk) = 2(k − 1)π/n. At a specific point x0, let B(x0) be the background intensity, C(x0) be the fringe contrast,
φ(x0, h) be the phase of the sinusoidal pattern, andNk(x) be the additive noise. Then, we can model the captured intensity
as

Ik(x0) = B(x0) + C(x0) cos

[
φ(x0, h) + (k − 1)

2π

n

]
+Nk(x0). (1)
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In most fringe pattern projection systems with high signal-to-noise (SNR) images, by ignoring the noise term in above
model, PSA gives an analytical solution for φ(x0, h). In practice, we need at least three images for phase reconstruction.
For example, the three-frame PSA at phase-shifts 0, 2π/3 and 4π/3 can solve for the phase by

φ(x0, h) = arctan

{ √
3(I3(x0)− I2(x0))

2I1(x0)− I2(x0)− I3(x0)

}
. (2)

If both the projection and imaging systems are telecentric, the φ(x0, h) can be modeled by

φ(x0, h) = ωxx0 + ωhh(x0) + φ(0, h(0)), (3)

where ωx and ωh are the angular frequencies of the intensity signal along x- and z-directions, respectively.9 And these
angular frequencies remain the same when the projection and imaging system are fixed. Hence, we can calibrate these
angular frequencies beforehand and then solve for the height h(x0) from the phase by Equation 3. Besides the depth map,
we are also able to remove the sinusoidal patterns and obtain the background intensity image. Similar to the PSA, we
ignore the noise term for the analytical derivation in this work. Then, by summing the intensities from the imaging model
in Equation 1,

n∑
k=1

Ik(x0) =

n∑
k=1

B(x0) + C(x0)

n∑
k=1

cos

[
φ(x0, h) + (k − 1)

2π

n

]
. (4)

For n greater than one, we have
n∑

k=1

cos

[
φ(x0, h) + (k − 1)

2π

n

]
= 0. (5)

Put this identity into Equation 4, then we have the background intensity by

B(x0) =
1

n

n∑
k=1

Ik(x0). (6)

Substituting these estimated φ(x0, h) and B(x0) into the imaging model in Equation 1, we can obtain the C(x0) as a
by-product.

The above conventional PSA is used widely in high resolution dense surface reconstruction. However, we need to shift
the grating three times when capturing the fringe images. So it is not ideal for some dynamic three-dimensional shape
measurements and inspections.10 In literature, the main focus on improving the speed is based on enhancing the hardware
of the imaging system or designing novel patterns for efficient reconstruction. For example, Zhang et al. proposed to
implement some of the post operations such as absolute coordinates calculation and surface rendering inside the graphics
processing unit (GPU) in a three-dimensional shape measurement system.11 Later on, instead of generating the phase-
shifts by moving the grating, Zhang et al. presented a superfast three-dimensional shape measurement system based on
digital-light-processing (DLP) projector and used the above three-frame PSA during reconstruction.12 However, similar to
Equation 2, most of these methods still involve a ubiquitous and time-consuming inverse trigonometric function arctan
when computing the phase.13

Without calculating the arctan from the sinusoidal pattern, Cheng et al. suggested projecting coded binary patterns and
adopting coding and decoding techniques for surface reconstruction.14 Also, they applied their method in reconstructing
the surfaces of integrated circuit (IC) samples and checking the surface quality of these samples in the semiconductor
industry.15 At the same time, other binary patterns and color patterns have been designed for surface profilometry.16, 17

To solve the correspondence problem among the patterns, Morano et al. used a pseudorandom-coded structured light
for reconstruction.18 Instead of coding the light patterns over time, Young et al. proposed to reconstruct the surface
with viewpoint-coded structured light.19 Most of these methods are robust due to their discrete nature and the coding
strategies. However, the resolution of these methods is relatively low because the sizes of these patterns are at least larger
than one pixel and usually more images are needed than that needed in PSA. Furthermore, these patterns are blurred and
distorted through the projection and imaging system, which brings extra effort and processing time to identify these patterns
robustly. In addition, Huang et al. presented a trapezoidal phase-shift method to improve the processing speed.20 However,
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a systematic error would be introduced due to image defocus. In this paper, for high resolution consideration, we still
project sinusoidal patterns instead of above coded patterns. Different from calculating the phase point-by-point through
the inverse trigonometric function in conventional PSAs, we develop an efficient elliptic phase-shift algorithm (E-PSA),
which codes the phase value into a two-dimensional phase map in the intensity space. Then, we only need to index the
phase map and read out the phase directly for real-time reconstruction.

In Section 2, we describe the illumination-reflectivity-focus (IRF) model for phase-measuring profilometry and analyze
the locus in the two-dimensional intensity space as the phase varies. Then, we establish the phase map based on the
characteristic locus and develop the E-PSA in Section 3, after which we give some experimental results and concluding
remarks in Sections 4 and 5, respectively.

2. ILLUMINATION-REFLECTIVITY-FOCUS MODEL
To handle uneven illumination effect when using PSA to reconstruct the surfaces of moving objects, Deng et al. proposed
the IRF model for the first time.9 Since this IRF model separates the surface-dependent variables from the factors related
to the optical system, we make use of this property to develop our E-PSA. By investigating the background intensity
B(x0) and the fringe contrast C(x0) in the conventional model in Equation 1, Deng et al. have observed that these two
variables vary from point to point. And at the position x0, these two values depend on the illumination intensity L(x0), the
reflectivity of the reconstructed point R(x0) and the focus level F (x0). Therefore, they model the background intensity
and the fringe contrast explicitly as

B(x0) = L(x0)R(x0), (7)

and
C(x0) = L(x0)R(x0)F (x0), (8)

respectively. These decompositions lead to the IRF model

Ik(x0) = L(x0)R(x0) + L(x0)R(x0)F (x0) cos

[
φ(x0, h) + (k − 1)

2π

n

]
+Nk(x0). (9)

In some applications such as reconstructing the surfaces of semiconductors, the illumination is precisely controlled and
the surface is reconstructed at the focal plane of a stationary optical system. Then, the illumination intensity distribution
L(x) and focus distribution F (x) on the field of view (FOV) remain the same during reconstruction. Therefore, we
can calibrate L(x) and F (x) beforehand, and then use them for reconstruction. For example, by using a homogeneous
reference plane and assuming the unit reflectivity factor on this reference plane (i.e., R(x) = 1), Deng et al. have proposed
to use conventional PSA to calibrate L(x) and F (x).21 With this method, we first solve for φ(x, h), B(x) and C(x)
point-by-point in an analogous manner to that shown in Section 1. Then, we compute L(x) and F (x) from Equations 7
and 8 on the whole FOV. With these calibrated distributions,the imaging model at the position x0 contains only two
fundamental variables R(x0) and φ(x0, h), which are determined by the reflectivity and the height of this reconstructed
point, respectively.

To visualize the relationship between the phase φ(x0, h) and the intensities Ik(x0), we use the imaging model with
three images (i.e, k = 1, 2, 3) as an example. At a specific surface point x0, with L(x0) = 100, R(x0) = 1, F (x0) = 0.8
and Nk(x0) = 0, Figure 1(a) shows three individual intensity profiles Ik(x0) when the phase φ(x0, h) changes from −π
to π due to height variation. From this figure and Equation 9, we can see that the product term L(x0)R(x0) affects the
overall offset of these intensity profiles, the product term L(x0)R(x0)F (x0) contributes to the magnitude of the sinu-
soidal signal and the phase-shifts 2(k − 1)π/3 cause the differences between these intensities. However, it is difficult
to visualize the constrains between these intensity values from this perspective. Therefore, we view the measured data
(I1(x0), I2(x0), I3(x0)) as a sample point from a higher intensity space spanned by I1, I2 and I3. Then, we find that the
intensity locus forms a closed orbit according to phase variation. As shown in Figure 1(b), one of the sample points is high-
lighted when the phase φ(x0, h) = −2.258 radian. We also see that the product terms L(x0)R(x0) and L(x0)R(x0)F (x0)
affect the center and the scale of the closed orbit respectively. And the constraints from the phase-shifts 0, 2π/3 and 4π/3
automatically force the intensity point (I1(x0), I2(x0), I3(x0)) to move along this orbit as the phase varies.

Based on this perspective and the IRF model, in the next section, we show how to use the calibrated information to
normalize the intensity locus so that the resulting locus is invariant to illumination distribution, the reflectivity of the surface
and the focus distribution. Then, we develop the E-PSA in the normalized intensity space.
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Figure 1. The relationship between the phase and the intensities.

3. ELLIPTIC PHASE-SHIFT ALGORITHM
We first project the intensity locus in above three-dimensional intensity space onto a two-dimensional intensity space
spanned by I1 and I2 as shown in Figure 2(a). Then, we investigate the forward map from the phase to the intensities and
the corresponding constrains between these intensities in a normalized intensity space.

3.1 The map between phase and intensity
From Figure 2(a), we find that the projected intensity locus is an elliptic orbit. In this elliptic orbit, the center offset
and scale vary according to different L(x0), R(x0) and F (x0) for different reconstructed points on the surface. Since
the factors L(x0) and F (x0) are known in a calibrated system, we can use this calibrated information to normalize the
elliptic orbit. From Equations 6 and 7, we are able to estimate the L(x0)R(x0) and use it to offset the center of the elliptic
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Figure 2. The projected locus in the intensity space.

orbit to zero. Combined with the calibrated focus factor F (x0), we can normalize the elliptic orbit by the scale factor
L(x0)R(x0)F (x0). Then, we obtain the normalized intensities

Îk(x0) =
Ik(x0)− L(x0)R(x0)
L(x0)R(x0)F (x0)

= cos[φ(x0, h) + (k − 1)
2π

n
]. (10)

In this framework, the normalized intensities have been constrained within [−1, 1]. And the projected locus in the normal-
ized intensity space (Î1, Î2) is a fixed elliptic orbit, which is invariant to the illumination distribution, the reflectivity of
the surface and the focus distribution as shown in Figure 2(b). Due to the even phase-shifts, when we project the intensity
locus onto other normalized intensity spaces (Î2, Î3) and (Î3, Î1), we have the same elliptic orbit as shown in Figure 2(c)
and (d) respectively. For the uniqueness of this projected locus, we name it the characteristic locus of a given phase-shift
strategy. Based on this characteristic locus, we establish the relationship between the phase φ(x0, h) and the normalized
intensities in a consistent way for all the points on the reconstructed surface. And we formulate the phase reconstruction
(i.e., the backward map from the image intensities to the phase) as an optimization problem:

Given the real measured data (I1(x0), I2(x0), I3(x0)) for the reconstructed point x0, we need to find the optimal point
on the projected elliptic locus in the normalized intensity space (Î1, Î2), such that the distance between this optimal point
and the normalized intensity (Î1(x0), Î2(x0)) is minimized. Then, the corresponding phase at this optimal point is the
phase φ(x0, h) for the reconstructed point.

3.2 Phase Recovery
From above formulation, we can develop the E-PSA as follows.
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• Build the map between the phase and the normalized intensity space. In a noiseless case, the normalized intensities
are constrained exactly on the elliptic orbit. In practice, these normalized intensities from real measured data may
deviate from this orbit due to camera noise or quantization error. Therefore, we also need to establish the phase map
at the points not on the orbit. Since in the normalized intensity space, the region of interest (ROI) for the elliptic orbit
is restricted within [−1, 1] × [−1, 1], we sample evenly on this ROI and find the optimal phases for these sample
points. For example, Figure 3(a) shows a 512 × 512 grid on the normalized intensity space (Î1, Î2). At each sample
point on the grid, such as the point U , by searching the minimal distance from this sample point to the elliptic orbit
as shown in Figure 3(b), we find the optimal point V and store the corresponding phase value of this optimal point
at the position U in the phase map. In this case, the phase value 2.195 corresponding to the point V is stored at the
position U . After computing the phase values for all sample points, we establish the phase map in Figure 3(a), where
we use different colors to indicate different phase values. During real-time phase reconstruction, we use this map to
decode the phase from intensities.

• Index the map for phase reconstruction. To reconstruct the phase at a specific point x0 based on the correspond-
ing measured intensity data (I1(x0), I2(x0), I3(x0)), we first estimate the L(x0)R(x0) from Equations 6 and 7.
Then, we use this L(x0)R(x0) and the calibrated focus factor F (x0) to calculate the normalized intensity data
(Î1(x0), Î2(x0)) by Equation 10. Finally, we can read out the phase value at (Î1(x0), Î2(x0)) from the built phase
map for the reconstructed point.

In this E-PSA, by analyzing the characteristic locus, we have established a phase map in the intensity space. And based on
this phase map, the real-time phase reconstruction becomes a simple operation: indexing a two-dimensional table. Since
this E-PSA does not involve the time-consuming calculation on arctan, it is suitable for high resolution real-time surface
profilometry applications.

4. EXPERIMENTS
4.1 Simulation experiments
First, we build a 512 × 512 table for the phase map based on its characteristic locus as shown in Figure 3. Then, we
compare the speed of the conventional PSA with the proposed E-PSA.

In one of the experiments, we implement both the PSA and our E-PSA in Matlab 2009 and compare the speed under
the same testing conditions. The configuration of our testing PC is Intel(R) Core(TM)2 CPU 6700 @ 2.66 GHz with 2G
RAM. We test the time of reconstructing 3600 points with phase from −π to π. Totally, we repeat this experiment 100
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Figure 4. The time comparison for phase reconstruction.

times and record the time of each experiment for the PSA and the E-PSA respectively. Figure 4 shows these 100 times
testing results. We see that our E-PSA is about two times faster than the PSA.

Furthermore, in PSA, a high precision arctan function is necessary for high resolution phase calculation, which brings
the difficulties in implementing the PSA with Intel’s single instruction, multiple data (SIMD) instructions, GPU or field-
programmable gate array (FPGA) for parallel processing.22 While in the proposed E-PSA, for every point, we do the same
arithmetic operations and a simple index operation. And these common operations for reconstructing the whole surface
can be easily and efficiently implemented by using SIMD instructions, GPU or FPGA techniques for parallel processing.
We believe that the improvement on speed will be more significant when using these techniques.

5. CONCLUSIONS
In this paper, we use a IRF model to reinvestigate the relationship between the image intensity and the phase for phase-
measuring profilometry. Then, we develop the E-PSA for efficient dense surface reconstruction in a calibrated system.
Experimental results show that this E-PSA can increase the phase reconstruction speed more than two times, compared
with conventional PSA.
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