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Abstract

A fast approach based on augmented Lagrangian methods (ALMs) is proposed to solve the
inverse imaging problem in optical lithography, known as inverse lithography technology.
We develop a constrained optimization framework where the objective function includes a
data-fidelity term and a binary equality constraint. We show how optimal solutions are
reached with less execution time by applying the quasi-Newton method to the sub-problem.
The proposed scheme also includes a tentative penalty parameter schedule for adjustment
and control. Simulation results are compared with existing source-mask optimization (SMO)
to illustrate the performance improvement in terms of pattern fidelity, convergence rate and
process window size.

1 Introduction

The past few years saw the emergence and development of inverse imaging as an important
technique in computational lithography, which allows lithographers to exploit a larger de-
sign space to enhance lithography resolution. Most existing inverse lithography techniques
use iterative methods to perform mask optimization, including early work using mixed lin-
ear programming [1], level-set method [2] and different gradient-based approaches, such as
steepest descent algorithm [3] and conjugate gradient method [4]. Recently, source optimiza-
tion in inverse lithography is widely studied and shows promise in providing more degrees
of freedom and a higher resolution [5–7]. Yet, many penalty methods applied to tackle the
constrained optimization problem arising in the inverse imaging require heavy computation
and achieve only a slow convergence, making the technique difficult for full-chip or large
circuits simulations [8].

To address this issue, we develop an efficient algorithm based on augmented Lagrangian
methods (ALM). The study of ALMs dates back to as early as the late 1960s, yet recent
developments that incorporate sparse matrix techniques and use of partial updates have
rekindled a lot of interest in this approach [9,10]. This is especially so in solving constrained
optimization problems, due to its flexible problem formulation, nice convergence property
and avoidance of the ill-conditional behavior, and its global convergence for non-convex
optimization problems [11].

This paper focuses on a fast source-mask optimization (SMO) algorithm using inverse
synthesis based on ALMs. The minimization problem in inverse lithography is first trans-
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formed to obtain an equivalent constrained optimization formulation, which is then handled
using ALMs. Quasi-Newton optimization method and an updated scheme of penalty pa-
rameter are iteratively performed to find solutions to the sub-problems. This enables an
improved convergence, thereby shortening the overall execution time. Experimental results
show that the proposed method leads to faster convergence and better pattern fidelity.

2 Forward Imaging Model

We adopt vector notations z, z0, m ∈ R
N2

×1 for images, which are obtained by stacking
printed image, desired pattern and mask in lexicographic order, respectively.

In this paper, light intensity is calculated by the sum of coherent system (SOCS)
model [12], which is very efficient in mask optimization. Because it takes advantage of
Singular Value Decomposition (SVD) to decompose the illumination system into different
kernels, rapidly descending singular values enable light intensity computation with the sum
of only a small number of coherent systems. In this work, we let P = 15 be the total num-
ber of kernels used in the computation, H̃l be the lth kernel, and λl be the corresponding
singular value. The resist effect is approximated with a sigmoid function due to its differ-
entiability [3]. We use the discrete form for image computation, so the vector notation of
the printed (aerial) image can be approximated as

z ≈ sig

{ P
∑

l=1

λl‖H̃l ∗m‖2
}

. (1)

3 Augmented Lagrangian Method for Inverse Lithography

We first transform the original minimization problem in inverse lithography to an equiv-
alent constrained optimization problem, which can be handled by augmented Lagrangian
methods. Here, we minimize the sum of the mismatches between the printed image and
the desired one over all locations to achieve the smallest accumulated pattern error. In
addition, we constrain the mask to be binary by imposing an equality constraint on the
optimization problem, given by

min
m

‖z− z0‖
2
2

subject to m⊙ (1−m) = 0, (2)

where ⊙ indicates pixel-by-pixel multiplication.
In order to improve the convergence property and enhance robustness, we make use of

the augmented Lagrangian function for Equation (2) by introducing a Lagrangian multiplier
d and a penalty parameter ρ ≥ 0 [13], such that as objective function Lρ is given by

Lρ(m,d) =
∥

∥z− z0

∥

∥

2

2
− d

T
[

m⊙ (1−m)
]

+
ρ

2

∥

∥m⊙ (1−m)
∥

∥

2

2
. (3)

ALMs work by alternating between minimizing the primal given its dual, and maximiz-
ing the dual by keeping its primal function fixed [13], and repeating these two steps until a
stopping criterion is satisfied. In our context, the two sub-problems are

mk+1 = argmin
m

∥

∥z− z0

∥

∥

2

2
− d

T
k

[

m⊙ (1−m)
]

+
ρ

2

∥

∥m⊙ (1−m)
∥

∥

2

2
, (4)

dk+1 = dk − ρ
[

mk+1 ⊙ (1−mk+1)
]

. (5)
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To find the saddle point of the augmented Lagrangian function Lρ(m,d) (because it is
also the solution of the original problem Equation (2)), we need to calculate the gradient
of Lρ(m,d) with respect to m. We observe that the minimization problem of Equation
(4) is not trivial since this gradient involves quartic and non-smooth terms. Therefore,
we cannot have an analytical formula for the minimization step involving m, but need to
solve it iteratively. We choose to use the libLBFGS package for solving Equation (4), which
implements the Limited-memory Broyden-Fletcher-Goldfarb-Shanno(L-BFGS) method for
unconstrained minimization problems [14]. L-BFGS algorithm is particularly well suited for
optimization problems with a large number of variables, because of its moderate memory
requirement. In addition, as a quasi-Newton optimization method, its superior convergence
property makes this proposed algorithm promising in large-scale practical applications of
inverse lithography.

Multiplier d is then updated as described in Equation (5). This is also another merit of
ALMs, namely that the optimal step size to update dk is determined by the chosen penalty
parameter ρ. This enables a much easier parameter tuning than the common iterative
thresholding methods. Accordingly, choosing an appropriate ρ is a critical issues in ALMs
applications. Rather than treating ρ as a fixed constant, we adopt the following update
scheme in this work, where

ρ =

{

τρ, if
∥

∥mk ⊙ (1−mk)
∥

∥

2
> η∗

ρ , otherwise.
(6)

η∗ is the convergence tolerance. This enables a faster rate of convergence as derived
in [15]. Ideally, the condition ρ

2

∥

∥mk ⊙ (1 − mk)
∥

∥

2

2
should decrease as k increases [16],

however, if not, it can be forced to reduce by increasing its relative weight in the objective
function. Hence, the update scheme of τρ guarantees the convergence of the proposed
algorithm, and when steady state is reached as k approaches ∞, ρ becomes a constant [17].

We introduce an intermediate variable u and transform source optimization problem
into an equivalent problem, given by

min
s

µ

2
‖z− z0‖

2
2 + ‖u‖1

subject to u−Ds = 0, (7)

where s is vector notation of the source, and µ weighs the pattern fidelity term against the
regularization term. The source local variation Ds is used as a constraint to help ensure
that the resulting source is less complex. Here we do not show implementation detail of
source optimization due to page limitation.

4 Results

We employ the proposed ALM to analyze two target patterns containing isolated multiple
contact holes and staggered periodic patterns, as shown in Fig. 1, which are both represented
by 151× 151 matrix with a pixel size of 6 nm× 6 nm. An annular illumination composed of
25 × 25 pixels with its inner annulus σin = 0.7 and outer annulus σout = 0.9 is adopted as
the initial values for source optimization. The parameters of the projection system are set
to be λ = 193 nm and NA = 1.35. In the sigmoid function, the threshold and α are equal
to 0.3 and 85, respectively.

Regarding the performance of our method, Fig. 2 shows the comparison of experimental
results with the SMO method in [4], where the contact pattern in Fig. 2(a) is used as
input. Here, we consider the results in terms of pattern error at nominal condition, so
process variations and regularization terms are not incorporated into the cost function in
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Figure 1: Two test patterns used in experiments: (a) isolated four contacts and (b) staggered
periodic patterns.
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Figure 2: Simulation results of test pattern.

the SMO algorithm. Figure 2(a) to (c) respectively display the optimized source, mask, and
a magnification of the printed image using the proposed ALM. The corresponding results
from SMO are given in (d) to (f). It is observed that our method can generate a similar
output, while in addition, the regions around the corners of the contact holes are better
printed in Fig. 2(c), compared with those in Fig. 2(f).

A similar experiment is also conducted with the contact pattern in Fig. 1(b) as input.
Together, Table 1 summarizes the measurements of pattern error and speed for the two
tests, where we compute with the ALM, as well as with an SMO method and a level-set
optimization scheme. For both patterns, when all three methods produce similar pattern
errors, ALM takes the least time to achieve a better performance, exhibiting 6 to 10 times
convergence improvement.

To quantify the robustness, the average focus-exposure window of the width of the
printed lines is depicted in Fig. 3. This is measured at the width and length of all contacts,
as marked in Fig. 1(a) and (b). The process window (PW) describes the range of process
variations that can still provide an acceptable yield. Depth of focus (DoF) is evaluated by
checking the largest acceptable defocus range of an ellipse tangent with the color curve pairs
at a particular dose. If we fix the exposure latitude (EL) condition at 5%, from Fig. 3(a),
the blue and magenta curves quantitatively verify the similarity between process variation
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Table 1: Comparison of performance and convergence rate

Test patterns Methods Pattern error Speed (sec)

SMO [4] 48 105.72
Isolated four contacts Level-set Method [2] 74 185.32

Proposed ALM 24 19.74

SMO [4] 772 206.25
Staggered periodic patterns Level-set Method [2] 826 296.53

Proposed ALM 778 29.16
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Figure 3: Comparison of average process window of (a) isolated four contacts and (b)
staggered periodic patterns.

trends of the two methods. We note that our method enlarges DoF by 24 nm. A larger
average PW can be observed in Fig. 3(b), where the proposed ALM increases the process
capability by producing a 10 nm larger defocus range than the conjugate-gradient (CG)
method, demonstrating an enhanced variation robustness.

5 Conclusion

In conclusion, an ALM-based inverse algorithm is developed for fast mask design in optical
lithography. We investigate how the minimization problem is formulated into an equivalent
constrained problem, and solved efficiently by taking advantage of the computational ad-
vances in ALM. Advantages such as rapidly converging pattern errors, high image fidelity,
and process robustness allow this approach to be a prime candidate for large-scale inverse
lithography problems.
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