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Abstract—We present an unsupervised tracking algorithm for human
and car trajectory detection, using what is called the temporal doubly
stochastic Dirichlet process (TDSDP) mixture model. The TDSDP captures
the global dependence and the variation of human crowds and cars in
temporal domains without the Markov assumption, making it particularly
suitable for long-term tracking. Moreover, TDSDP prior can estimate the
number of trajectories automatically. We first define the TDSDP based on
the Cox process and then explain how to construct a TDSDP mixture model
from thinning multiple Dirichlet process mixtures (DPMs) with conjugate
priors. Next, a Markov chain Monte Carlo sampling inference is presented.
Experimental results on synthetic and real-world data demonstrate that
the proposed TDSDP mixture is superior to the DPM and the dependent
Dirichlet process (DDP) in terms of topic variation modeling. PETS2001
data set experiments show that TDSDP has more robust object tracking
capability over DDP based on generalized Polya urn. Low-quality fish
data set experiments indicate that the TDSDP excels at solving tracking
problems with insufficient features.

Index Terms—Nonparametric Bayesian, doubly stochastic, Gaussian
process, unsupervised tracking.

I. INTRODUCTION

Vehicle tracking data analysis with intelligent artificial tools plays a
significant role in transportation systems. For example, Mao et al. [1]
showed that tracking and prediction of vehicle positions are important
in mining operations and other related applications in the intelligent
transportation system area. Vehicle tracking has some challenging
problems, such as resolving the vehicle occlusion [2] and finding the
number of vehicles with occlusion [3]. Vasquez et al. [4] used Hidden
Markov Model (HMM) to learn the incremental motion patterns
for modeling the trajectory. Moreover, Morris et al. [5] employed
the HMM to encode the motion paths, and it aimed to detect and
predict abnormal trajectories. Nowadays, simple statistical methods
seem to shoulder an almost unbearable burden to distinguish cars and
human crowd trajectories in the more and more complex transportation
systems. Estimation of the number of trajectories is another difficult
task. In this paper, an unsupervised tracking algorithm is presented. It
aims to detect trajectories in a fully unsupervised fashion and estimate
the trajectory number in a scene with occlusions of humans and
vehicles.

Nonparametric Bayesian models based on Dirichlet Process (DP)
have been proposed to model topics over space and time [6]–[10]. The
term “topic” is widely used in machine learning area, which represents
the characteristics of each cluster. For instance, the topic of a vehicle
in a single frame can be regarded as the position center of that vehicle
or other feature parameters (e.g., average color). These nonparametric
Bayesian models relax the assumption that the topic number is fixed
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or known. They assume that the topics pool behaves as a Dirichlet
Process mixture model (DPMM) [11], [12] or their extensions [6]–[10].
In particular, Dependent Dirichlet Process (DDP) [13] is a pioneering
method, which realizes random dependent measures and takes advan-
tage of modeling the dependency of DP priors. Gelfand et al. [10]
proposed a spatial DP, where the location and weighting of the topics
are sampled from Gaussian Processes (GPs), hence creating topic
dependency. However, these methods encounter a computational prob-
lem, that a huge inference task is generated by sampling massive
auxiliary variables, making it difficult to employ these models to track
the vehicles and the humans.

Lin et al. [6] proposed a novel DP prior model, which aims to
model topic trajectories along the temporal domain based on the
Poisson process. This can be regarded as the HMM incorporated with
a DP prior, which can be used for enhancing the tracking algorithms
based on HMM [4], [5]. It reduces inference complexity with the
Markov chain but fails to achieve flexible object transition. This model
will break the trajectories and lose its targets when it encounters
occlusion.

Many well-known hierarchical models with DP priors also cannot
solve this tracking problem. This is because the dependency is mod-
eled based on a shared topic pool, and topics in the same cluster are
identical along the temporal and spatial domains (multiple DP priors).
Attempts include the hierarchical Dirichlet process [14], and the De-
pendent Normalized Random Measures [15]. An application example
is the vehicle location tracking in videos, where we need to track the
location of objects (topics) as well as their trajectories across frames
(time). Some other approaches model dependency among nearby mea-
sures without the Markov assumption. For instance, Wang et al. [7]
proposed a non-Markov topic model, which assumed that the duration
of a topic follows the beta distribution. Dubey et al. [8] proposed a
nonparametric extension, which relaxes the assumption that the num-
ber of topics is fixed and allows topics to share the duration models.
These models use various distributions to model the topics’ durations
(temporal variations) and assume that the topics’ locations (spatial
variations) are fixed.

Many approaches have been proposed to analyze topic trajectories
via modeling dependency in topic space. While DDP models based
on GP [10], [13] are too complex to be implemented, some other
models [6], [9] have been proposed to bypass the GP priors. However,
these models make a stricter assumption to achieve the dependency
modeling under Markov assumption [6], [16], or do not modeling the
location variation and model dependency via overlapping regions [9].
The approaches [7], [8], which model topics dependency under the
non-Markov framework, are unable to obtain the position variation of
the vehicle or the human crowd.

A Temporal Doubly Stochastic Dirichlet Process (TDSDP) mixture
model is proposed as a generalization of the DP priors, where the
spatial-temporal dependent intensity is a Sigmoid Gaussian Process
(SGP). This is used to model the varying intensity of the trajectories
along frame stamps. In the TDSDP, the topic variation is modeled
based on this varying intensity measurement, instead of the discrete
Markov assumption. Subsequently, the mixture model of the TDSDP
is constructed elegantly with a thinning procedure applied to multiple
DPMMs. It allows us to handle massive transportation video data with
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a lower computational cost. For most cases, the topic number K is
much smaller than the number of observations n, i.e., K � n. Classic
DDP models need to sample a vast number of auxiliary variables in the
order of O(n). Our method only needs to sample latent variables in the
order of O(K) with the thinning procedure. This construction signif-
icantly reduces the computational cost. Finally, the TDSDP mixture
model enables us to track varying human and vehicle positions along
different video frames with one global SGP intensity prior. Moreover,
it allows us to capture location variations, birth and disappearance of
objects based on dependency modeling in all topic domains. It uses the
continuous probability measure sampled from the global SGP prior to
fit the distribution of the variation of objects and the global SGP prior
enables us to achieve a robust result.

Moreover, many other GP models [17]–[19] can be used to support
the extension of TDSDP for tracking and prediction. Take the object
detection in videos as an example, the SGP prior of the TDSDP can be
used to cluster object trajectories and predict object location in missing
or future frames.

II. THE TDSDP MIXTURE MODEL

A construction method of the TDSDP mixture model is proposed.
Different from the single DSDP applied on spatial data [20], this
TDSDP mixture model focuses on temporal modeling with multiple
DP priors. That means different DP priors share a global SGP prior. A
thinning procedure in [21] is used to generate a TDSDP mixture model
as follows.

First, we sample GP functions Yt from SGP prior GP(·) with mean
function mt and covariance function κt [17] at patch t, hence

Yt ∼ GP(mt, κt). (1)

Second, conditional TDSDP Dt|Yt at patch t is sampled from the DP
prior DP(·) with thinned prior σ(Yt)λ

∗
t

Dt|Yt ∼ DP (σ(Yt)λ
∗
t ) (2)

where the thinned function σ(Yt) is the sigmoid GP function σ(Yt) =

(1 + e−Yt)
−1, and λ∗

t = α∗Ht,0 is the conjugate prior [11] for
the DPMM with the hyper-parameter α∗ and initial base distribu-
tions Ht,0. Since the SGP function σ(Yt) ∈ (0, 1), the thinned prior
σ(Yt)λ

∗
t can be regarded as thinning from the conjugate prior λ∗

t .
Based on this thinning procedure, the base distributions Ht of patches
are dependent given the global SGP functions σ(Yt), which follow
Ht ∝ Ht,0σ(Yt).

Third, the topic parameter θt,i at patch t is independently sampled
from conditional TDSDP Dt|Yt

θt,i|Dt, Yt
iid∼ Dt|Yt (3)

where θ ∈ Θ× T , Θ is the feature space and T is the temporal
space. Lastly, observation data xt,i is sampled from the observation
distribution f(θt,i) parameterized by θt,i

xt,i|θt,i
iid∼ f(θt,i). (4)

III. TRACKING ALGORITHM

The proposed tracking algorithm based on the TDSDP mixture
model can be split into six steps, which are shown in Fig. 1 as different
line types. An example in the PETS2001 dataset [22] has been used to
illustrate the mechanism of this algorithm, which includes trajectory
overlapping of cars and humans and fluctuating number of topics (cars
and humans), in order to illustrate merits of the TDSDP mixture model.
Estimating varying topics along frames, especially the overlapping

Fig. 1. Flow diagram of the TDSDP.

Fig. 2. Flow diagram of the TDSDP on the tracking example.

topic trajectories, demonstrates that the TDSDP enables us to capture
topic variations with a global SGP prior.

A. Fast Feature Extraction Step (Blue Solid Lines)

This feature extraction [23] step captures all observations
{xt}t=1,...,T from T patches in the video, which consists of patch
decomposition and interest point extraction. Extracted features are the
points in the top panels of Fig. 2.

1a) Decompose the mini-patch at the observation level. Observa-
tion points are presented in the top panels as observed mixture
trajectories in Fig. 2. Initial DP priors are applied to the data in
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mini-patches independently, and patches are obtained by merg-
ing frames. We cut 350 frames into 20 patches. This partition
can also be achieved by applying DPMM on a time stamp of
data. To maintain the global dependency, none of these patches
is overlapped. Since the algorithm is robust with continuous
intensity, the mini-patch decomposition is more important for
the computational cost in Section IV-D.

1b) Interest points are extracted from the clip using the Harris de-
tector [23], and we apply the positions of the point as the feature
based on the following two reasons. First, it can be calculated
very quickly. which is important for an unsupervised tracking
task with a massive unlabeled dataset. Furthermore, it illus-
trates the robust characteristics of our proposed tracking algo-
rithm. Long-term tracking with inefficient feature is a difficult
problem that occurs in the real world.

B. DP Priors Sampling Steps (Cyan and Green Solid Lines)

The inference algorithm is used for sampling multiple DP priors
when a global SGP prior is given. This processing step is developed
and extended from the sampling for the DSDP on spatial modeling,
more information of which can be found from [20]. It includes two
main steps of the tracking algorithm: topics assignment sampling and
topic parameter sampling, which are represented by cyan and green
solid lines in Fig. 1.

2) Topics assignment sampling step is used for sampling the topic
indicator zt,i for the data xt,i.

3) The topic θt,k is sampled for the cluster k at patch t when the
SGP functions σ(Y ) and observations xt,i assigned to the kth
cluster are given.

A real-world example is shown in the second row of Fig. 2. The DP
posterior is sampled in each patch with underlying SGP prior (or initial
intensity). The varying mean measure Ht and concentration parameter
αt are sampled at patches.

First, we sample the DP topic indicators (cyan lines). When the
SGP functions are given, we can sample the topic indicators of
conditional TDSDP based on a classical DPMM sampling procedure.
The probability of sampling a new topic indicator zt,i is proportional
to the DP assignment probability (locally) at patch t and the SGP prior
probability (globally):

P (zt,i = k|zt,−i,Y t,θ)

∝ p(zt,i = k|zt,−i,xt,−i)p(Yt,k|zt,i = k,Y t,−k,θ)

∝
{
nt,−i,k · σ (Y (θt,k)) · �(xt,i|θt,k), k � Kt

α∗

Mt
· σ (Y (θ∗)) · �(xt,i|θ∗), k > Kt

(5)

where nt,−i,k is the number of data clustered into kth topic except xt,i

at patch t. The entire observations at patch t except xt,i are denoted as
xt,−i, zt,−i and Y t,−k have similar definitions. The number of topic
variables, latent variables and data at patch t are denoted as Kt, Mt

and nt, respectively. DP assignment probability includes likelihood
�(xt,i|θt,k) and mass function nt,−i,k, which are only dependent on
local information at patch t. Existing SGP function σ(Y (θt,k)) and
new SGP function σ(Y (θ∗)) are sampled from the SGP prior.

Second, topic parameter θt,k is updated during this topic sampling
step. If k � Kt, then Gk(θ) is the posterior distribution p(θ|xt,−i,k)
given data partition xt,−i,k, where xt,−i,k is the set of data assigned
to kth cluster except xi at patch t. Otherwise, Gk(θ) is the conjugate
prior H0(θ). Then a new topic θ∗ is sampled from H0(θ), and its

GP function Y (θ∗) is sampled from the SGP prior. The Metropolis-
Hastings acceptance ratio at,k at patch t follows

at,k = min

(
Gk(θ

∗) (1 + exp (sgn(k′)Y (θt,k)))

Gk(θt,k) (1 + exp (sgn(k′)Y (θ∗)))
, 1

)
(6)

where sgn(·) is a sign function and we set k′ = k −Kt + 0.5 to
avoid uncertainty at k′ = 0. Furthermore, a random variable rt,k is
uniformly sampled on [0, 1], if at,k > rt,k, this proposal is accepted.
Then θt,k is set to θ∗ and Y (θt,k) is set to Y (θ∗) in Eq. (5). Otherwise
existing θt,k and Yt,k are kept.

C. SGP Sampling Steps (Brown Solid and Blue Dotted Lines)

This step is used to infer the SGP prior when the DP priors are given.
Sampling of latent variables and SGP functions are another two major
steps for the tracking, which are represented as brown solid and blue
dotted lines in Fig. 1, respectively.

4) Latent variables are initially sampled from upper bound inten-
sity, which is fixed along iterations, and they are updated based
on sampled SGP. Move, insert and reject operations for latent
variables are similar to [24].

5) The SGP function inference step samples SGP functions with
globally inferred topics and latent variables. The left panel
in the third row of Fig. 2 shows the inferred SGP prior with
global topics. The right panel shows the varying concentration
parameter αt along the patches.

Similar to the inference problem proven in [25], the inference of
TDSDP also encounters a doubly-intractable problem. We cannot
tractably and directly infer the SGP intensity. Inspired by the inference
method for the SGP Cox process [24], we introduce latent variables
sampled from the same measure space of topic parameters. SGP
functions sampling of latent variable ensures all SGP functions are
independent and inferences of the TDSDP are tractable. The likelihood
of the TDSDP mixture model with multi-patches follows:

p
(
�θK ,M,�θM ,Y M+K |α∗,H0,x,z

)

∝ (α∗)K+M

T∏
t=t0

Kt∏
k=1

σ(Yt,k)�(xt,k|θt,k)H0(θt,k)

· GP(Y )
T∏

t=t0

Kt+Mt∏
m=Kt+1

σ(−Yt,m)H0(θt,m). (7)

Equation (7) includes the posterior probability for the whole topic
variables �θK � {θi}Ki=1 and the prior probability for the whole latent
variables �θM � {θi}M+K

i=K+1. The set of entire GP functions is denoted
as Y , and Yt,k denotes the GP function at topic θt,k. The total number
of topics K is the sum of topic numbers among patches, i.e., K =∑T

t=t0
Kt. Moreover, the number of total latent variables M follows

a similar setting.
SGP functions of topics and latent variables are inferred with the

log posterior probability, which takes the form

ln p(Y |�θ) = −
K+M∑
i=1

ln
(

1 + esgn(i
′)Yi

)
− 1

2
Y �Σ−1Y + c (8)

where c is a constant, i′ = i−K + 0.5, and Σ ∈ R
(M+K) denotes

the covariance matrix of topics. It consists of kernel κ(θ,θ′;η) with
hyper-parameter η, which is a squared-exponential (SE) covariance
function [17].
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Fig. 3. Tracking results by GPUDDP and TDSDP.

D. Trajectories Clustering Step (Green Dotted Lines)

Here, a hierarchical SGP prior clustering step is provided.

6) The global SGP prior can be used for clustering trajectories
without initial localization. The inferred SGP intensity with
topics {θi}Ki=1 is clustered into L independent SGPs, such as
the overlapped topic trajectories in the left panel of Fig. 2. The
trajectories of cars and humans in the right panel are clustered
data points.

The probability of the assignment ci for the topic θi follows:

p(ci = l) ∝

⎧⎨
⎩
g−i,l

∑
cj=l

f(dij), if l � L

γ, if l = L+ 1
(9)

where i denotes topic index, L denotes the current number of topic
trends, and dij is the distance between topics θi and θj . Based on the
distance-based Chinese Restaurant Process [26], L can be automati-
cally learned with the hyper-parameter γ controlling the probability
of sampling a new cluster. The window decay function f(dij) =
σ(a− dij)rect((dij − a/2)/a) contains the delay parameter a, the
sigmoid function σ(·) and the rectangular function rect(·). This indi-
cates that only topics with distance less than a are taken into account.
Equation (9) indicates that the probability of topic θi assigned to the
lth cluster is affected by two factors: this cluster’s topic density in the
range of a from topic θi, and the kernel function calculated by topics
{θi}ci=l in the same cluster. Then a kernel classifier g [18] with the SE
kernel κ(θi,θj ;η) is used to make L GP gating network independent,
which follows:

g
(
{θj}cj=l,j �=i

)
=

∑
j �=i κ(θi,θj ;η)δ(cj , l)∑

j �=i κ(θi,θj ;η)
. (10)

Fig. 3 shows the performance of the Generalized Polya Urn based
Dependent Dirichlet Process (GPUDDP) [27] and the TDSDP, which
are depicted in top and bottom panels, respectively. In the bottom
panel, green and cyan points represent two cars, which meet each other
half way. Blue points represent a human trajectory. Fig. 3 shows that
the TDSDP models global topics with the SGP prior better than the
GPUDDP. The GPUDDP depends on a birth and death mechanism.
When a topic is lost in one frame, the following topics would be wrongly
assigned (as shown in the top panel with red oval) or a new cluster is
generated. This problem is the limitation of the DDP model based on the
Markov assumption. In contrast, the proposed TDSDP with the SGP
prior permits mistakes of the topic indicators in the overlapping area
(shown in the bottom panel with a black oval). Moreover, topics can re-
turn to the correct clusters in later frames (the red oval). The experimen-
tal performance on insufficient features (only position and temporal
stamp) illustrates the robustness of the TDSDP mixture model.

Fig. 4. Top-left panel shows observation data, and the other three panels
show topic sampled by DPMM with hyperparameter α0 = 10n, n, and 0.1n,
respectively.

Fig. 5. Top panels show the inferred topics and SGP prior, and the bottom
panel shows the topic number converged at K = 14.

IV. EXPERIMENTS

A. Data Synthesis Experiment

We synthesize the overlapped data for two topic flows as shown in
Fig. 4. The DPMM and the TDSDP are used to model the topic flows,
and the results are shown in Figs. 4 and 5, where α is the concentration
parameter, and the number of data points is denoted as n. In Fig. 4, the
results are sensitive to different hyper-parameters for DPMM. Since
updating of parameter α is unstable for overlapped data, the number
of topics is also inconsistent. Topics inferred by DPMM are mixed
together for α0 = 10n and n, while topics will be separated far away
when hyper-parameter α0 is set smaller, α0 = 0.1n. As a result, it is
difficult to cluster topic trend when α0 seriously impacts the result.
In contrast, the TDSDP mixture (single DP with the SGP prior) has a
more robust result. This is due to a better fitting SGP prior in the top
panels in Fig. 5 (hotter point θ indicates its SGP function is larger).
After convergence, a consistent number of the components estimated
with thinned concentration parameters is shown in the bottom panel.
This consistent and accurate topic inference enables us to model a topic
trajectory better.

B. PETS2001 Dataset

We use the whole PETS2001 dataset [22] in this experiment. Similar
to the setting presented in Section III, data points come from the
interest points extracted in the video. To analyze the situation of
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Fig. 6. Topic trajectories clustering for PETS2001.

TABLE I
RESULT COMPARISON

insufficient features, only position and temporal information is used.
Intuitively, without color or other features to rely upon, it becomes
difficult to track object flows in the case of occlusion, especially for
DDP based on the Markov assumption, where the birth and death
mechanism causes the object trajectories to be interrupted easily. Since
only position feature is used, we focus on estimating object flow trajec-
tories, whereas the pedestrians always walking together are regarded as
one object flow. Observation data (extracted interest points) and SGP
prior clustering result for PETS2001 are shown in the top and bottom
panels of Fig. 6, respectively. The horizontal axis shows the frame
number and the vertical axis shows the first dimension of interest
points. This experiment illustrates that TDSDP (DP priors share a SGP
intensity measure) fits the dependency of topics better in the temporal
domain (local DP priors) with global SGP prior.

Table I shows results of the proposed TDSDP and the Generalized
Polya Urn based DDP tracking [27] with insufficient features. Se-
quence Frame Detection Accuracy (SFDA) and Average Tracking Ac-
curacy (ATA) [28] are used to quantify the experimental results. SFDA
measures the detection performance in each frame, and ATA quantifies
the performance of a tracking algorithm for detecting objects across
frames. The best result of the GPUDDP is shown in Table I, which
is obtained by tuning parameter values for some samples from this
dataset. The results of the TDSDP are shown with various hyper-
parameters α0 from 0.1n to n, where n is the average number of data
points in each patch. Table I indicates that at the frame level, TDSDP
and DDP methods have similar detection accuracy (i.e. 95.55% and
92.53%). However, TDSDP has a far superior tracking performance
compared to the GPUDDP in terms of ATA. This result further illus-
trates that the robustness of TDSDP with the global SGP prior fits the
varying topics better than the Markov assumption based DDP models,
which have difficulties coping with interruption caused by occlusions.
Unlike existing GP clustering based tracking algorithms, which require
labeled object topics (i.e. labeled object centers in [19]). The TDSDP
prior excels in providing a global object topic flow along temporal
domains.

C. Low Quality Fish Tracking (LQFT) Dataset

A new low-quality dataset [29] for fish tracking is also tested here.
Three sample frames with object detection are given in the top panel in

Fig. 7. Example frames and topic trajectories of the LQFT data set.

Fig. 7, and tracked overlapping fish trajectories is shown in the bottom
panel. Similar to the circumstance of the night transportation system,
this surveillance video is captured with poor visibility. Moreover,
fishes usually move in and out of the field of view rapidly, and the num-
ber of fishes is varying all the time. ATA of the TDSDP achieves 95.3%
compared to 69.7% of the GPUDDP, while SFDAs of these models
are similar (i.e. 98.47% and 96.5%). Experiments on this noisy and
low-quality dataset illustrate the robustness of the proposed TDSDP
mixture model.

D. Computational Cost and Hyper-Parameter Learning

The computational cost includes two parts. The cost of the DP
sampling step is O(n2/c) and the cost of the SGP sampling step is
O(c3K3

t ), in which c is the number of patches and n is the number of
all data points. Strictly speaking, Kt is the number of topics and latent
variables (K +M) in each patch. In practice, K and M are of the
same order [24], so we can regard Kt as the average number of topics
in each patch. An optimal computation cost follows:

1) If the video is split into patches with the optimal number
c∗ = K−1

t (n/2)2/3, by substituting it into costs of DP and
SGP steps above, the optimal cost follows O(n4/3Kt).

2) If the frame number f is smaller than the optimal patch number
c∗, i.e. f < c∗, then the computational cost is approximate the
cost of the DP step: O(n2f−1).

Both costs are smaller than the DDP based models [13], [27], which
are on the order of O(n3). For the PETS2001, we set f/c ≈ 15 and
divide the video (2500 frames) into 150 patches.

Detailed inference of the hyper-parameter α∗ follows:

α∗ ∼ p (α∗|K +M,n, α0, β0) (11)

where n is the number of data. While parameters α0 = n/20 and
β0 = 1 in [30], in our model, we set α0 = 0.5n to ensure that the upper
bound α∗ is large enough. Moreover, Table I demonstrates that the
TDSDP mixture model is robust with various α0 varying from 0.1n to
n. The initial hyper-parameter is sampled from the initial distribution
α∗ ∼ Gamma(α0, β0).

V. CONCLUSION

An unsupervised tracking algorithm is presented based on the Tem-
poral Doubly Stochastic Dirichlet Process mixture model. The glob-
al intensity prior provides the TDSDP the ability to handle the complex
transportation system, which includes occlusion of the human crowds
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and vehicles. Moreover, the TDSDP enables modeling of the trajecto-
ries of human crowds and vehicles, whose number and positions are
varying along temporal frames. Lastly, the thinning procedure enables
the TDSDP to significantly reduce the computational cost.
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