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Determining the axial position of the recorded object
in digital holography is a crucial step for image recon-
struction. When multiple discrete sections of a three-
dimensional object are overlapping each other, this issue
becomes more challenging. In this Letter, an autofocusing
algorithm using the structure tensor and its eigenvalues is
proposed. This method can extract the focal distance of
each section for a multi-sectional object irrespective of
whether the sections are overlapping or not. We validate
the applicability of the proposed technique with syn-
thesized and experimental data using two types of holo-
graphic systems. © 2017 Optical Society of America

OCIS codes: (090.1995) Digital holography; (100.2000) Digital image

processing; (110.3010) Image reconstruction techniques.
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Digital holography (DH) is a unique imaging technique that
can record the whole wavefront information, including ampli-
tude and phase, of a three-dimensional (3D) specimen in a
noninvasive way. With a two-dimensional (2D) hologram,
one can achieve optical sectioning [1], extended focused imag-
ing [2], 3D imaging [3], etc. For different applications, how-
ever, an essential parameter one has to know is the exact
position of the recorded object. To automate the estimation
of the distance, many autofocusing algorithms have been pro-
posed [4–8]. Normally a 3D object is modeled as a combina-
tion of multiple discrete 2D planes distributing along the
optical axis. Due to the severe defocus noise originating from
other sections, few of the present algorithms can handle a sim-
ple case with objects only having one single section. Although
several algorithms were proposed for two-sectional objects
[9–11], they do not handle lateral overlapping among sections.
To deal with such a situation, we present in this Letter an
image-based autofocusing algorithm to automatically extract the
focal distances of multiple sections with overlapping regions.

Among different configurations for recording the holo-
graphic information of an object, in this Letter we focus
on optical scanning holography (OSH) [12,13] and the
Mach–Zehnder interferometer-based DH [14,15]. The exper-
imental setup is shown in Fig. 1. Mathematically, the complex

hologram g�x; y� is the convolution of the N -section objectPN
i�1 o�x; y; zi� and the depth-dependent point spread func-

tion (PSF) h�x; y; z� of the system, denoted as g�x; y� �PN
i�1 o�x; y; zi� � h�x; y; zi�. In OSH image reconstruction,

the complex conjugate PSF h†�x; y; zr� at distance zr is used
to convolve with the hologram to reconstruct the section at
the corresponding position [16]. For the interferometer-based
DH, the hologram is back-propagated with the help of Fresnel
transformation to reconstruct the object.

In essence, the reconstruction is an image, thus leading to
the possible involvement of image-based techniques for auto-
focusing. As an image varies from out-of-focus to in-focus, the
degree of blurring decreases while the sharpness increases. In
image processing, the structure tensor, also referred to as the
second-moment matrix, is a widely used tool for corner detec-
tion, texture orientation assessment, as well as sharpness evalu-
ation. It is a matrix derived from the gradient of a function, or
more specifically of an image, and summarizes the predominant
directions of the gradient in the neighborhood of a point
[17,18]. For a reconstructed intensity image u�x; y�, the 2D
structure tensor at a specific pixel can be written as

Fig. 1. Schematic diagram of the DH system. For the OSH system, ω
and ω0 are the initial carrier frequency of the laser source and the shifted
frequency; p1�x; y� and p2�x; y� are pupils; L1, L2, and L3 are lenses; BS
is the beam splitter; scanner is 2D scanning mirror; object is the specimen
to be recorded; PD is photodetector; AOM is acousto-optic modulator; z
is the distance between the object and the scanner; Δz is the interval
between two sections. For the Mach–Zehnder interferometer, lenses, pu-
pils, scanner, and AOM are excluded, and the object is placed between
M1 and BS. The two paths have the same laser frequency.
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S�x;y��G�x;y�� �∇u�x;y� ·∇u�x;y�T �

�
�

G�x;y��u2x�x;y� G�x;y��ux�x;y�uy�x;y�
G�x;y��ux�x;y�uy�x;y� G�x;y��u2y �x;y�

�
;

(1)

where ∇u�x; y� � �ux�x; y�; uy�x; y��T is the 2D spatial gradient
along x and y directions, and G�x; y� is a nonnegative and
rotationally symmetric convolution kernel that performs the
weighted averaging in a window, which is normally selected
as a 2D Gaussian function [19]. The 2D structure tensor
S�x; y� at image point �x; y� is a symmetric and semi-positive-
definite matrix, such that it has two nonnegative eigenvalues. Let
λ� and λ− be the larger and smaller eigenvalues of matrix S�x; y�,
and θ�, θ− be the corresponding unit eigenvectors. We then
have λ� ≥ λ− ≥ 0. The structure tensor measures the geometry
of the image structures in the neighborhood of each point. Its
eigenvectors θ� and θ− describe the orientation of maximum
and minimum vectorial variation at pixel �x; y�, and its eigenval-
ues λ� and λ− describe measures of these variations. Therefore
the eigenvalues of the structure tensor offer a rich and discrimi-
native description of the image information.

Based on this principle, we formulate a novel autofocusing
algorithm using the structure tensor and its eigenvalues. For an
image u�x; y; zr� in a stack of reconstructions, at each pixel
�x; y� we compute the structure tensor S�x; y� within a window
function G�x; y�, the size of which is defined accordingly. With
the two nonnegative eigenvalues of the structure tensor matrix,
we then form a 2D vector as λ � �λ�; λ−�T . Considering a gen-
eral case of a vector norm, the lp-norm (p ≥ 1) of the vector
can be denoted as kλkp. By summing up every lp-norm of the
eigenvalues at each pixel, the proposed metric is defined as

Fp�u�x;y;zr���
ZZ �∞

−∞
kλ�x;y�kpdxdy

�
ZZ �∞

−∞
�jλ��x;y�jp�jλ−�x;y�jp�1∕pdxdy: (2)

To explain why the proposed algorithm works, we start from
the basic principle of how an image is acquired. For an imaging
system, including a DH system, the captured image u�x; y; σ� is
the convolution between the object o�x; y� and the PSF
h�x; y; σ�, i.e., u�x; y; σ� � o�x; y� � h�x; y; σ�. Here we use σ
(σ > 0) to denote the degree of blurring introduced by the
PSF. For example, in photography, σ denotes the difference be-
tween the focal length and the in-focus position of the defocus
blur, or the length of the motion blur. In DH, σ refers to the
absolute value of jzi − zr j, meaning that the farther zr is from the
true distance zi, a blurrier image will be obtained. Without con-
sidering the aberrations, the PSF works as a low-pass filter that
blocks high-frequency components of the object outside the
passband. The filtering effect directly leads to the loss of energy.

For a blurred image u�x; y; σ�, the structure tensor matrix
at a pixel �x0; y0� in Eq. (1) can be represented as

S�x0; y0� �
� a b
b c

�
. Here a � G�x0; y0� � u2x�x0; y0�, b�

G�x0;y0��ux�x0;y0�uy�x0;y0�, and c�G�x0;y0��u2y �x0;y0�.
Its eigenvalues are λ� � 1

2 �c � a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c − a�2 � 4b2

p
� and

λ− � 1
2 �c � a −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c − a�2 � 4b2

p
�. For simplicity, we take

l1-norm when p � 1 as an example. We then have
kλk � jλ�j � jλ−j � c � a. For the whole image, the pro-
posed focus metric in Eq. (2) then becomes

F 1�u�x;y;σ���
ZZ �∞

−∞
�c�x;y��a�x;y��dxdy

�
ZZ �∞

−∞
G�x;y�� �u2x�x;y��u2y �x;y��dxdy: (3)

For simplicity, let us only consider the 1D case and omit
the Gaussian term in the following explanation. By making
use of the differentiation of a convolution, we have ux �
du∕dx � d�o � h�∕dx � o � �dh∕dx� � o � hx , thus Eq. (3)
(in 1D) can be written as F 1�u�x; σ�� �

R�∞
−∞ �o�x��

hx�x; σ��2dx. This is a function with respect to the parameter
σ. According to Parseval’s theorem [20], we have the
conservation of energy in spatial domain and frequency
domain. The proposed metric F 1�u�x; σ�� can also be expressed
as F 1�u�x; σ�� �

R�∞
−∞ �o�x� � hx�x; σ��2dx � R�∞

−∞ �Õ�ζ�·
H̃ x�ζ; σ��2dζ, where Õ�ζ� and H̃ x�ζ; σ� are the Fourier trans-
form of o�x� and hx�x; σ�, respectively. The last term can be
understood as the energy of the signal. Suppose σ1 > σ2, it
means that the image u�x; σ1� is more blurred than u�x; σ2�.
In frequency domain, a larger amount of frequency compo-
nents of F 1�u�x; σ1�� are blocked. Its energy will be lower
than that of F 1�u�x; σ2��, i.e., F 1�u�x; σ1�� < F 1�u�x; σ2��.
Therefore, the proposed focus metric can be used to measure
the sharpness of an image [21]. When a larger degree of
blurring, or a larger σ occurs, a smaller value of F 1�u�x; σ��
will be obtained. The explanation here is derived when
p � 1 and is in 1D case, while generalizing the conclusion
to higher p and two directions are straightforward.

As discussed above, the proposed focus metric Fp�u� is a
measure of image sharpness and can be used to find the optimal
focal plane in autofocusing. Since we have no idea about how
many sections the object contains and where these sections are
located, we need to have a coarse estimation of the possible
range �zmin; zmax� before autofocusing. Then a series of images
is numerically reconstructed using the hologram and
reconstruction depths, leading to a sequence of out-of-focus
and in-focus images [22,23]. After this preprocessing, we
use simulation and an experiment to verify the proposed
method. For comparison, variance, l1-norm of gradient, image
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Fig. 2. (a) 3D object with three nonoverlapping sections.
(b) Reconstruction of section “K.” The autofocusing results using
(c) the proposed algorithm and the algorithms in Refs. [9,10] and
LoG, and (d) the other three metrics. Unit: mm.
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power, Laplacian of Gaussian (LoG) [11], and methods in [9]
and [10] are also implemented.

The simulation is conducted with the OSH system. First we
synthesize a 3D object containing three nonoverlapping
sections of “H,” “K,” and “U” at different axial distances of
z1 � 10 mm, z2 � 11 mm, and z3 � 12 mm. The object
is shown in Fig. 2(a). The focusing value is computed in a
propagation interval of [9.5, 12.5] mm with a step size of
0.06 mm. For comparison, the value is normalized to [0, 1]
and has no unit. G is set as 7 × 7.

The reconstruction of section “K” is shown in Fig. 2(b). As
shown in Fig. 2(c), the focal planes of the individual sections
can be detected accurately. Three peaks without any ripples
clearly give the locations of the three sections, respectively.
However, for other algorithms in Figs. 2(c) and 2(d), due to
the distortion of defocus noise, those focus metrics cannot ex-
tract the positions at all. Although Zhang’s algorithm [9] also
presents three peaks, they have inaccurate estimation and severe
distortion between the peaks. The numerous local maxima and
minima in the nonsmooth curve make it difficult to employ
searching or optimization algorithms.

Next we construct a 3D object with three partially overlap-
ping sections, as shown in Fig. 3(a). The positions of the three
sections remain the same. The reconstruction of section “K” is
shown in Fig. 3(b). The autofocusing results using other algo-
rithms are severely distorted by the defocus noise, as shown in
Figs. 3(c) and 3(d). While in Fig. 3(c), the proposed method
gives an accurate detected position of each section.

Finally we verify the proposed algorithm using experimentally
captured data with twoDH systems. The first experiment is carried
out using theOSH system. The recorder 3D object is composed of
two nontransparent bars, which are perpendicular in space. The
horizontal bar is proximal while the vertical bar is distal. They
are located at a working distance around 40.85 and 41.3 mm,
and the width of each bar is around 1 mm. The wavelength of the
laser source is 532 nm. The effective NA is about 0.1, and the
hologram has 256 × 256 pixels. The autofocusing result and
the comparison with other algorithms are given in Figs. 4(a)–4(d).

For this experimental data, the detected distances are 40.84
and 41.22 mm, while Zhang’s algorithm gives results of 40.97

and 41.43 mm, which have a larger error than the proposed
algorithm. Figures 4(c) and 4(d) are reconstructed images using
the estimated distances by the proposed autofocusing algo-
rithm. The two bars are in-focus in the corresponding images.
Note that in Fig. 4(d) the vertical bar is focused while the hori-
zontal bar should be out-of-focus. The reason why the horizon-
tal bar does not disappear is that, in the experiment, we used
two microscope slides to hold the two bars and one slide to
separate them along the optical axis. Due to the attenuation
from the slides, the intensity of the scanning pattern may be
attenuated when illuminating the vertical bar. The recorded in-
tensity by the detector is therefore weaker than that of the hori-
zontal bar, thus leading to the clear reconstruction.

To verify the effectiveness of this algorithm in other DH
systems, we carried out another experiment using the digital
holographic system based on the Mach–Zehnder interferom-
etry. The recorded object contains two partially overlapping
sections, “E” and “D,” at distances of 113.2 and 140.2 mm.
A hologram of 2200 × 2752 pixels is captured using a camera
whose pixel size is 4.54 μm. As the zeroth-order and twin image
generate distortion, we filter them before implementing the al-
gorithm. The autofocusing results and reconstructed images are
shown in Fig. 5. As Figs. 5(a) and 5(b) show, only the proposed
autofocusing algorithm can detect the two focal distances,
which are close to the measured positions. All the other algo-
rithms fail to do so. Reconstructed images using the extracted
distances are given in Figs. 5(c) and 5(d).

The results above present a qualitative comparison between
the algorithms. To better compare the performance, criteria like
unimodality, accuracy, resolution, and range are used [24]. The
detailed definitions and parameter settings are given in [25]. We
use yes/no to measure the unimodality and unimodal range in
the following, and use the accuracy metric (AM) and the reso-
lution metric (RM) [25] to quantitatively evaluate the accuracy
and resolution. The comparison is conducted between the pro-
posed autofocusing algorithm and Zhang’s method, since other
algorithms cannot give a reasonable result, as seen from the fig-
ures. As there are multiple sections, we select the intermediate
peak for three-sectional case in simulation and the first peak
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Fig. 3. (a) 3D object with three partially overlapping sections.
(b) Reconstruction of section “K.” The autofocusing results using
(c) the proposed algorithm and the algorithms in Refs. [9,10] and
LoG, and (d) the other three metrics. Unit: mm.
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Fig. 4. (a) Autofocusing result using the proposed algorithm and
the algorithms in Refs. [9,10] and LoG. (b) Autofocusing results using
the other three metrics. (c) and (d) Reconstructed image at the two
detected distances. Unit: mm.
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for experimental data to compute the values. Results are given in
Table 1, where zf denotes the detected focal distance, and the
unit is mm. In this table, for the OSH system, although Zhang’s
method gives smaller AM values, the detected focal distance is
not as close as the proposed one. It also gives a larger RM value
which reflects that the variation across the propagation interval is
larger. More importantly, on both sides of the intermediate peak,
Zhang’s method shows nonunimodality, while the proposed
algorithm gives a rather unimodal and smooth curve. When au-
tomatic maximization, such as search algorithms or optimization,
is to be employed, unimodality is a must and needs to be taken
into consideration first. For the DH system, since Zhang’s
method cannot detect the distance, the values in the table are
denoted as N/A. This additional experiment shows a larger appli-
cability of the proposed autofocusing algorithm than others.

Although the proposed autofocusing algorithm gives better
results compared to the existing ones, it has a disadvantage in
the computation speed. It involves the computation of the
structure tensor matrix for every pixel, the calculation of eigen-
values of each matrix, as well as the lp-norm computation
of the eigenvalues vector. This makes the algorithm more
time-consuming compared to other existing metrics. In the
computation, the structure tensor and eigenvalue computing
contribute most of the computational complexity. For example,
for an N × N image, the computation of the structure tensor
pixel-by-pixel requires O�2 N 2 log�N �� operations. While for
the eigenvalue decomposition, the computational complexity
is of order O�N 3�. This implies that the whole computation
procedure of the proposed metric is much more complex than
other focus metrics, which are normally of order O�N 2�.
However, as our code is not purposely optimized for speeding
up using parallel computing and hardware acceleration, consid-
ering the accurate autofocusing results, it still has better capabil-
ity in detecting the focal planes for the DH system than other
algorithms. With a proper parallel programming strategy and
hardware acceleration, as well as search algorithms, the comput-
ing stress can be enormously alleviated.

In conclusion, a novel autofocusing algorithm based on the
structure tensor is proposed in this Letter. The formulation of

the focus metric and how the method works are explained. This
approach outperforms in finding the focal distances of the
object containing multiple nonoverlapping or overlapping
sections (overlapping area <50% of sample), no matter in
the OSH system or in the Mach–Zehnder interferometry.
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Fig. 5. (a) Autofocusing result using the proposed algorithm and algo-
rithms in Refs. [9,10] and LoG. (b) Autofocusing results using the other
three metrics. (c, d) Reconstructed image at the two detected distances.
Unit: mm.

Table 1. Comparison Results between the Proposed
and Zhang’s [9] Methods

Proposed Zhang et al. [9]

Case AM zf RM AM zf RM

Non-overlapping “HKU” 0.08 11 0.2 0.06 10.76 4.8
Overlapping “HKU” 0.16 10.94 0.7 0.05 10.76 3.5
Two overlapping bars 0.28 40.84 0.8 0.07 40.97 3.2
Overlapping “E” and “D” 0.52 114.7 1.1 N/A N/A N/A
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