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a b s t r a c t 

We propose a sectional hologram reconstruction method through complex deconvolution. By taking into account 

of both amplitude and phase (or real and imaginary parts) of wavefront propagation into the inverse problem 

model, we can perform more robust and better imaging quality in the sectional holographic reconstructions. The 

sectional capacity is about six times the diffraction-limited resolution, and the experimental results show that our 

method can achieve the best imaging quality compared to the state-of-the-art techniques. 
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. Introduction 

Due to its capacity of full wavefront recording of three-
imensional (3D) objects [1] , holography is regarded as a perfect tech-
ique for both 3D imaging [2] and display [3] applications. In hologra-
hy, the object wavefront can be encoded into a single intensity image
hrough interferometric approaches [1,4] , or can be obtained with opti-
al capture and following digital processing approaches, such as optical
canning holography (OSH) [5,6] , phase-shift holography (PSH) [7,8] ,
ynthesized holography [9–11] and self-interference incoherent digital
olography [12] . 

Even though holography records the 3D information, it can hardly
e used for 3D imaging directly. Generally, two-dimensional slices are
econstructed at different depths along the optical axis to reveal the 3D
roperty of the object. However, the useful signals are submerged in de-
ocus noise from all the other slices of the object, especially for objects of
omplicated structures or large depth ranges. This hindered the applica-
ions of holographic imaging. Various techniques have been proposed to
mprove the imaging quality of holography, such as auto-focusing [13–
5] , extended-focused imaging [16,17] , and sectional imaging [18–24] .
n sectional hologram reconstruction, the hologram is firstly backprop-
gated to the object space, the propagated images are then processed
ith digital processing techniques to eliminate the defocus noise. Sci-

ntists have developed various techniques, such as Wiener filter [24] ,
igner distribution [23] , inverse imaging [18,20,21] , entropy mini-
ization [17] , and time-reversal (TR) multiple signal classification [22] .
owever, these techniques may induce lost of the high frequency (edges
f the object) information when eliminating the noise term, therefore
xtra edge-preserving techniques need to be conducted for this kind of
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roblem [21] . However, edge-preserving techniques induce other prob-
ems, such as the residual of sharp edges of the noise. 

Direct complex deconvolution has been demonstrated to achieve an
mage resolution that exceeds the Rayleigh limit since it is the most
physical ” model of the imaging process [25] . Taking the advantage
f the complex property of the holograms and the wave propagation,
e propose a more practical complex deconvolution technique by solv-

ng a minimization problem. To our knowledge, it achieves a recon-
truction better than all of the published works with OSH technique. In
he following sections, we show the description, the experimental ver-
fications and the sectional capacity analysis of the proposed method
equentially. 

. Method 

In the inverse problem modeling process, we conduct the general
ormation of holography. Since holography is an approach to record
he object wavefront at a plane, and the recorded wavefront can be ob-
ained directly [5,26] or extracted from interferometric based intensity
mages [8,27,28] , we treat the complex object wavefront as the holo-
ram in the following context. Suppose a 3D object o ( r, z ) is illuminated
y a plane wave along the optical axis, where 𝑟 = ( 𝑥, 𝑦 ) is the lateral
oordinate. The resultant object wavefront at a point of ( r h , z h ) can be
epresented as a convolution of the object transmittance function with
he impulse response of free-space propagation, represented by Good-
an [29] 

 ( 𝑟 ℎ , 𝑧 ℎ ) = ∫ 𝑜 ( 𝑟, 𝑧 ) ⊗ ℎ ( 𝑟, 𝑧 ) 𝑑𝑧 , (1)
ember 2019 
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Fig. 1. Schematic diagram of the OSH system. 
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here ⊗ is the two-dimensional convolution operator, z h is the location

f the hologram plane, ℎ ( 𝑟, 𝑧 ) = 

exp 
(
𝑗𝑘 
√
𝑟 2 + 𝑧 2 

)
√
𝑟 2 + 𝑧 2 

is the point spread func-

ion (PSF), and the digital sectional reconstruction, thus can be achieved
y back-propagating the wavefront u ( r h , z h ). The back-propagation in-
olves a convolution of the wavefront u ( r h , z h ) with the complex con-
ugate PSF h ∗ ( r, z r ), the reconstruction at the corresponding position
s [30] 

 𝑠𝑒𝑐 ( 𝑟, 𝑧 𝑟 ) = 𝑢 ( 𝑟 ℎ , 𝑧 ℎ ) ⊗ ℎ ∗ ( 𝑟, 𝑧 𝑟 ) , 
= 𝑜 ( 𝑟, 𝑧 𝑟 ) |𝑧 𝑟 = 𝑧 + ∫ 𝑜 ( 𝑟, 𝑧 ) ⊗ ℎ ( 𝑟, 𝑧 − 𝑧 𝑟 ) |𝑧 𝑟 ≠𝑧 𝑑𝑧, (2)

here z r is the depth location of the sectional reconstruction, ∗ is the
onjugate operator. In the second line of Eq. (2) , 𝑜 ( 𝑟, 𝑧 𝑟 ) |𝑧 𝑟 = 𝑧 is the fo-
used object and ∫ 𝑜 ( 𝑟, 𝑧 𝑟 ) ⊗ ℎ ( 𝑟, 𝑧 ℎ − 𝑧 𝑟 ) |𝑧 𝑟 ≠𝑧 𝑑𝑧 is the defocus noise. It is
lear that the defocus noise is object dependent and accumulates as the
umber of depth slice increases. That is why conventional holographic
maging technique is hardly used for 3D imaging of complicated objects
hat are ranging a significant depth. 

The convolution form of Eqs. (1) and (2) show the linear transfor-
ation of the free-space wave propagation. Therefore Eq. (1) can has

he form of 

 

{
𝑢 ( 𝑟 ℎ , 𝑧 ℎ ) 

}
= ℑ { ℎ ( 𝑟, 𝑧 ) } ℑ { 𝑜 ( 𝑟, 𝑧 ) } , (3)

here ℑ is the operator of Fourier transform. We represent the lexico-
raphically ordered 2D hologram ℑ { u ( r h , z h )} as a vector of U ( 𝜌h , z h ).
imilarly, ℑ { o ( r, z )} is represented as a vector O ( 𝜌, z ), and ℑ { h ( r, z )}
s represented as H ( 𝜌, z ). The product of ℑ { o ( r, z )} ℑ { h ( r, z )} becomes
 ( 𝜌, z ) O ( 𝜌, z ). Eq. (3) thus can be written as 

 ( 𝜌ℎ , 𝑧 ℎ ) = 

[
𝐇 ( 𝜌, 𝑧 1 ) …𝐇 ( 𝜌, 𝑧 𝑛 ) 

]⎡ ⎢ ⎢ ⎣ 
𝐎 ( 𝜌, 𝑧 1 ) 

⋮ 
𝐎 ( 𝜌, 𝑧 𝑛 ) 

⎤ ⎥ ⎥ ⎦ +  , (4) 

here  represents the defocus noise. Compared to the experimental
andom Gaussian noise, the defocus of the diffraction from other planes
f the 3D objects dominates the noise in the sectional hologram recon-
truction. To reconstruct the object sections, we need to recover the
bject vector O ( 𝜌, z ) given the measurement in U ( 𝜌h , z h ), which is an
nverse problem. A broadly used method is to find the solution to the
ollowing minimization problem, 

 

𝑒𝑠𝑡 ( 𝜌, 𝑧 ) = min 
𝐎 ( 𝜌,𝑧 ) 

1 
2 
‖𝐇 ( 𝜌, 𝑧 ) 𝐎 ( 𝜌, 𝑧 ) − 𝐔 ( 𝜌ℎ , 𝑧 ℎ ) ‖2 2 + 𝜏‖𝐎 

𝑒𝑠𝑡 ( 𝜌, 𝑧 ) ‖3 𝐷𝑇𝑉 , (5)

here ‖ · ‖2 denotes the  2 norm, ‖ · ‖3 DTV stands for the 3D total varia-
ion (3DTV) regularization given by 

𝐎 

𝑒𝑠𝑡 ( 𝜌, 𝑧 ) ‖3 𝐷𝑇𝑉 = 

𝑀 ∑
𝑚 

𝑁 ∑
𝑛 

𝑄 ∑
𝑞 

√ 

(∇ 𝑥 𝐎 

𝑒𝑠𝑡 ) 2 + (∇ 𝑦 𝐎 

𝑒𝑠𝑡 ) 2 + (∇ 𝑧 𝐎 

𝑒𝑠𝑡 ) 2 , (6)
Fig. 2. Experiment 1: Reconstruction of an OSH (a) of a two- 

layer character-like object with (b) back propagation, (c) the 

proposed method, and (d) TR method. 
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Fig. 3. Experiment 2: Reconstructions of an OSH (a) of a two-layer beads 

object with (b) back propagation, (c) the proposed method and (d) Zhang’s 

method [20] . 
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here ∇ stands for the 3D gradient operator and 𝜏 > 0 is the reg-
larization parameter which is empirical. In computational imple-
entation, suppose M, N, Q represent the total number of points

f the reconstructed 3D cube in the three dimensions, 𝐎 

𝑒𝑠𝑡 
𝑚,𝑛,𝑞 

is the
ntensity value at voxel ( m, n, q ) ( 𝑚 = 1 , 2 …𝑀, 𝑛 = 1 , 2 …𝑁 and
 = 1 , 2 …𝑄 ), ∇ 𝑥 𝐎 

𝑒𝑠𝑡 = 𝐎 

𝑒𝑠𝑡 
𝑚,𝑛,𝑞 

− 𝐎 

𝑒𝑠𝑡 
𝑚 +1 ,𝑛,𝑞 , ∇ 𝑦 𝐎 

𝑒𝑠𝑡 = 𝐎 

𝑒𝑠𝑡 
𝑚,𝑛,𝑞 

− 𝐎 

𝑒𝑠𝑡 
𝑚,𝑛 +1 ,𝑞 and

 𝑧 𝐎 

𝑒𝑠𝑡 = 𝐎 

𝑒𝑠𝑡 
𝑚,𝑛,𝑞 

− 𝐎 

𝑒𝑠𝑡 
𝑚,𝑛,𝑞+1 . The parameter 𝜏 represents the trade-off be-

ween fidelity to the data and smoothness of the estimation, and depends
n the variance of the noise and properties of the model. Through adjust-
ent of regularization parameter, a balance can be obtained to remove
oise and preserve image details. In our case, if the parameter value is
oo large, the result image probably contains some noise, i.e., the result
ay convergent slowly, whereas if the parameter value is too small,

he result image maybe over-smoothing. Therefore, we search a rela-
ively proper 𝜏 with dichotomy approach. The two-step iterative shrink-
ge/thresholding (TwIST) algorithm [31] is used to solve Eq. (5) under
 sparsity constraint assumption. 

Considering the complex-valued property of the hologram, we let
 = [ 𝐔 𝑅𝑒 𝐔 𝐼𝑚 ] 𝑇 , and 𝐇 

∗ = [ 𝐇 

∗ 
𝑅𝑒 

𝐇 

∗ 
𝐼𝑚 

] 𝑇 , where T is the transpose oper-
tor of a matrix, the subscript Re and Im 

represent real and imaginary
perators of a complex value. We perform complex wavefront propaga-
ion in both the minimization and regularization processes, i.e., taking
he real and imaginary parts together into the inverse problem model.
his is the very difference compared to conventional image processing
echniques. Except the information lossless property, the complex field
ropagations, both forward and backward, ensure the model as a lin-
ar minimization problem. Moreover, the complex process of the recon-
tructed object slices maintains the 3D property of the object, therefore
 prior knowledge about the depth information of the object is not nec-
ssary. Besides, to satisfy the requirement of inverse problem model, the
mplitude and phase of the complex hologram are normalized to [0, 1]
nd [− 𝜋, 𝜋] respectively in advance. 

It should be mentioned that the proposed method is totally differ-
nt from Cotte’s method that is also called complex deconvolution [25] .
n Cotte’s method, a direct inverting approach of convolution operation
ith a low-pass spectrum filter is applied to the complex hologram. The
oise is regarded as high spatial frequencies that can be suppressed by
he low-pass filter. However, in general cases, the assumption of high
patial frequency noise is invalid. The proposed method suppresses the
efocus noise by solving a minimization problem without any assump-
ion. Besides, 3DTV regularization makes the proposed method able to
chieve not only lateral but also axial imaging. 

Our method is also very different from the previous minimization
ased methods. Compared to Zhang’s method [21] , except the TwIST
lgorithm that is used to regularize the solution, the proposed method
as three key points that should be emphasized. First of all, the wave
ropagation in our method is Rayleigh-Sommerfeld diffraction, which
s more general than the Fresnel diffraction that was performed in the
revious OSH sectional reconstruction techniques [18,21,24] , thus can
e applied to not only OSH but also other types of holography, for exam-
le, phase-shifting holography. What is more, we apply 3DTV instead of
V regularization. The inclusion of the third dimension in 3DTV gener-
tes a smoother image with higher visibility of small details and created
harper edges [32] . Last but not least, the reconstructed object slices at
terations are treated as a complex field rather than real images as in
hang’s method [21] . This guarantees the exact physical model of the
maging process without any assumptions. 

. Experimental results 

OSH is a typical complex holographic technique, in which an object
s scanned by a system with a complex Fresnel-zone-plate (FZP) impulse
esponse. The schematic diagram of the OSH system is shown in Fig. 1 .
 and Ω are the initial carrier frequency of the laser source and the
hifted frequency. The upper and below optical paths form a plane and
pherical wave respectively, with a following time-varying FZP after in-
erference. The time-varying FZP illumination pattern is projected onto
he 3D scene by a 2D galvo-scanning system. The scattered light from
he 3D scene is collected by the focusing lens before being captured by
he wide-area single-pixel detector. The amplitude and phase of the in-
egrated signal thus can be extracted by the digital lock-in amplification
rocess. While the single-pixel acquisition process integrates the opti-
al intensity of the 3D scene, the galvo-mirror laterally shifts the FZP to
ifferent spatial locations during the recording. In other words, the mea-
ured signal is a 2D convolution of the FZP and multiple cross-sections
f the 3D scene [6] . We conducted the experimental verification with
wo holograms captured by the OSH systems. 
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Fig. 4. Intensity profiles of two-point object reconstruction where the depth interval of the two points equals to (a) and is smaller than (b) the depth resolution. 
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In the first experiment, two character-like slices of ‘S’ and ‘H’ were
ocated with a depth difference of 20 cm along the optical axis ( z 1 =
7 cm and z 2 = 107 cm). They two were completely separated laterally.
 He-Ne laser with wavelength centered at 𝜆 = 632.8 nm was used to
erform the OSH recording [33] . The hologram was of size 1.5 cm ×
.5 cm and resolution 500 ×500 pixels. The real and imaginary parts of
he recorded hologram are shown in Fig. 2 (a). Fig. 2 (c) shows the recon-
tructions with backpropagation and Fig. 2 (c) shows the reconstructions
ith the proposed method when 𝜏 = 0 . 01 . For comparison, we also show

he latest sectional reconstruction technique in Fig. 2 (d), which is Ou’s
R method [22] . Fig. 2 (b–d) show that our method keeps almost all
f the information of the focused sections, while the TR method shows
harp edges of both the signal and the residual noise. This sharp edges
an not reflect the gray level, and even the shape of the object, which
an be seen from the thinner object appearance. The sharp edges oc-
ur in many other techniques [21] and have problems in complicated
bject reconstruction. On the contrary, the proposed method does not
ave this kind of problem, while the residual noise is totally blurred,
hich shows no degradations on the other reconstructed slices. We show

his in the following paragraphs. To show the efficiency of the proposed
ethod, we also applied it to a hologram of a more realistic object. In

he second experiment, the hologram is an OSH of two-layered fluores-
ent beads (DukeR0200, 2 μm in diameter, excitation around 542 nm,
mission around 612 nm). The beads mainly assemble at the top and bot-
om surfaces. The locations of the two layers were around 85 μm and
20 μm [18,34] and was illuminated by a Diode Pumped Solid State
aser (DPSS) laser with the wavelength located at 532 nm). The holo-
ram is of a resolution of 1500 ×1500 pixels. Fig. 3 (a) shows the real and
maginary parts of the hologram. For speed considerations, we resized
he hologram to 512 ×512 pixels for digital reconstruction. Fig. 3 (b)
nd (c) show the reconstructions with back-propagation and the pro-
osed method with 𝜏 = 0 . 1 , respectively. Fig. 3 (d) is Zhang’s inverse re-
onstruction [18,20] , which achieves the best sectional reconstruction
or this sample. Therefore we used it for comparison. All of the recon-
tructed images were normalized to the same gray level scale. Three
egions of Fig. 3 (b–d) were magnified to reveal the results more clearly,
hich are shown in Fig. 3 (e). The yellow curved lines at the top left of

ach subfigure show the intensity profiles along the yellow straight lines
n each of them. In region A, several beads assembled closely together,
hich makes them act as one small area. Because of the “sharp edge ”
roblem, Zhang’s method hardly reconstructed this, the beads around
he center of this area diminished a lot. In regions B and C, the beads
n the other layer induced a lot of blurs, some beads were hidden in the
oise, especially in region C of Fig. 3 (e). The rightmost images, which



N. Chen, E.Y. Lam and T.-C. Poon et al. Optics and Lasers in Engineering 127 (2020) 105945 

a  

l  

s  

s  

l  

i  

p  

b  

fi  

t
 

a  

r  

d  

n  

a  

p

4

 

r  

c  

d  

a  

d
 

a  

w  

i  

h  

t  

j  

a  

g  

i  

5  

d  

b  

r  

r
 

i  

F  

a  

e  

l  

b  

m  

r  

i  

c  

T  

r
 

i  

r  

𝛿  

F  

o  

b  

e  

c  

s  

c  

l

5

 

m  

a  

o  

s  

c  

t  

s  

j  

t  

o  

c  

b  

f  

i

F

 

N  

F
 

e  

K  

U

D

 

i  

t

S

 

t

R

 

 

 

 

 

 

 

 

 

 

 

 

[  

 

[  

 

[  

 

[  

[  

 

re Zhang’s reconstructions, only show some contour of the beads. The
ocations of the beads look like correctly reconstructed, but the unique
pherical shape and the gray level of the beads were lost. This can be ob-
erved from the yellow intensity profiles which show impulse response
ike intensity distributions. Moreover, for the parts that show occlusions,
t hardly reconstructed the beads, as part C shows. On the contrary, the
roposed method reconstructed all of these three regions successfully
eyond the other two. The smooth blurs which were mentioned in the
rst experiment of the previous paragraph, show very less degradation
o the reconstructions. 

Someone may doubts about the complex wavefront reconstruction
bility. In the above experiments, even though the object images are
eal, the object wavefront is complex. This is because different depth
istributions of the object introduce different phase delays to the illumi-
ation wavefront. Therefore, the reconstructed amplitude distribution
long with the corrected depth locations can be regarded as a “com-
lex ” object. 

. Sectional capacity 

The sectional capacity, i.e., the depth resolution of the sectional
econstruction method is of great importance. However, it is diffi-
ult to obtain an analytical expression of the depth resolution of the
econvolution-based sectional techniques. In this section, we obtain an
pproximate depth resolution of the proposed method compared to the
iffraction-limited resolution. 

Under the Rayleigh criterion of the diffraction limit, the achiev-
ble depth resolution in the holographic reconstruction is 𝛿𝑧 = 2 𝜆∕ NA 

2 ,

here 𝜆 is the wavelength of the light source and NA is the numer-
cal aperture which is defined as NA = 𝑠 ℎ ∕ 2 𝑧 ℎ , s h is the size of the
ologram and z h is the distance between the center of the object and
he hologram [29,35] . To obtain the depth resolution, a two-point ob-
ect was used in the simulation. The two points were along the optical
xis and separated with a depth interval of Δz . The holograms were
enerated based on the Rayleigh-Sommerfeid diffraction as mentioned
n Section 2 . In the analysis, the wavelength of the light source was
32nm and the NA was 0.0128. The achievable depth resolution un-
er Rayleigh criterion was 𝛿𝑧 = 6.5mm. We changed the depth interval
etween the two points, generated the corresponding holograms and
econstructed them with back-propagation and the proposed method,
espectively. 

Firstly, the depth interval was set to be equal to the depth resolution,
.e., Δ𝑧 = 𝛿𝑧 . The intensity profiles of the reconstructions are shown in
ig. 4 (a). The dashed black lines represent the centers of the two points,
nd the solid green line was shown as a reference. Although the refer-
nce line actually should be a Gaussian-distribution like curve, a straight
ine is used instead just for convenience. From Fig. 4 (a), we see that the
lue curve, which represents the back-propagation reconstruction, al-
ost coincides with the analytical depth resolution as expected. The

ed curve, which represents the reconstruction of the proposed method,
s below the back-propagation curve and the reference line, and totally
oincides with the solid black curve that represents the original points.
his means the two points are separated completely in the hologram
econstruction. 

To obtain the approximate depth resolution, we changed the depth
nterval of the two points and performed the hologram recording and
econstruction correspondingly. The depth interval was changed to be
z / N , 𝑁 ∈ 2 , 3 , 4 , …, and several of the results are shown in Fig. 4 (b).
rom Fig. 4 (b), we can observe that the lowest point of the center
f the red curves is increasing with N, and 𝑁 = 6 is a critical num-
er. When N > 6, the bottom of the red curve is far above the refer-
nce line, which means we cannot separate the two points in the re-
onstructions, and it is the contrary when N < 6. Therefore, we can
ay that in the overlapped two-point object case, the proposed method
an achieve a depth resolution that is about 6 times the diffraction
imit. 
. Conclusion 

In this paper, we have shown a sectional holographic reconstruction
ethod with a complex deconvolution approach. Both the amplitude

nd phase of the complex wavefront were taken into account in each step
f the inverse problem modeling and solving. The experimental results
how that the proposed method works for both simple and relatively
omplicated 3D objects, even for partially occluded objects. The sec-
ional capacity of the proposed method was indicated as approximately
ix times of the resolution of the diffraction limit for a two-point-like ob-
ect. Because of the perfect 3D imaging quality, the proposed method has
he potential for true volumetric holographic imaging. The limitations
f the method is the method is time consuming, however, it can be ac-
elerated with parallel computing or graphics processing unit. It should
e mentioned that even though the proposed method can achieve a per-
ect hologram reconstruction, the overall quality of the reconstruction
s still limited by the recording approaches. 
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