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Reconstruction of Two-Dimensional Permittivity
Distribution Using the Distorted Born
Iterative Method

W. C. CHEW anDp Y. M. WANG

Abstract—The distorted Born iterative method (DBIM) is used to
solve two-dimensional inverse scattering problems. The purpose of this
algorithm is to provide another general method to solve the two-di-
mensional imaging problem when the Born and the Rytov approxi-
mations break down. Numerical simulations are performed using the
distorted Born iterative method and the method proposed in our pre-
vious paper [called the Born iterative method (BIM)) for several cases
where the conditions for the first-order Born approximation are not
satisfied. The results show that each method has its advantages. The
distorted Born iterative method shows faster convergence rate com-
pared to the Born iterative method, while the Born iterative method is
more robust to noise contamination compared to the distorted Born
iterative method.

I. INTRODUCTION

N our previous paper [1], we proposed a Born iterative

method (BIM) where the Green’s function remains un-
changed in the iterative procedures for solving the two-
dimensional electromagnetic inverse scattering problem
when the first Born approximation breaks down. Here, an
alternative procedure called the distorted Born iterative
method (DBIM), where the Green’s function is updated
in every iteration step, is proposed for solving the same
problem.

Although intensive research has been performed on the
linear diffraction tomography for more than a decade [2]-
[8]. [11}, few works have been reported on the more gen-
eral and important higher-dimensional, nonlinear inverse
scattering problem [12], [16], [17]. The distorted Born
iterative method has been used to solve the one-dimen-
sional inverse scattering problem [9], {10]. In the present
paper, we first present the formulation of the method in
Section II. In Section III, the numerical simulations will
be given using both methods: the distorted Born iterative
method, and the Born iterative method [1]. Numerical re-
sults show that the distorted Born iterative method con-
verges faster than the Born iterative method, while the
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Born iterative method is more tolerant to noise than the
distorted Born iterative method. Depending on the prob-
lem to be solved, both of them are competing candidates
for solving the inverse scattering problem beyond the Born
approximation.

II. FORMULATION

The geometry of the two-dimensional inverse problem
is shown in Fig. 1. The cylindrical medium with an ar-
bitrary cross section is inhomogeneous in the xy plane but
is homogeneous in z direction. The receivers are located
around the cylindrical object at finite discrete points. The
object is illuminated by either a plane wave or a field ex-
cited by a line source indicated as T in Fig. 1. A scalar
wave equation (V2 4+ kHo(x, y) = 0 will be used to
describe the field. This represents an acoustic wave. In
the electromagnetic case, it is a TM (transverse magnetic)
to z wave. For a TM incident wave, the corresponding
integral equation is

E.(x,y) = Ei(x, y) + HS G(p—-p.€)
- kide E.(x', y') dx' dy’, (1)

where § is the scatterer cross section, and G(p — p', )
is the solution of following equation:

VSZG(p_ P,G,) +k (x V)G(p - Psfr)

—o(p —p'). (2)
Here,
a*  d?
v = a2t 3y
ki = kgel(x, ),

and ¢ is the background relatlve permittivity. For ho-
mogeneous €, G( p — p’, &) in a closed form is

G(p—p)=7H(klp~-p]). (3)

For an inhomogeneous background €’ (x, y), G( p—9p,
€”) has to be solved numerically.
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Fig. 1. Geometrical configuration of the problem.

In solving the inverse scattering problem, the measure-
ments are performed around the scatterer at R indicated in
Fig. 1. The integral equation (1) then becomes

Ei(x,y) = SSS G(p — p', €)kieE.(x',y' ) dx"dy',
(4)

and
de, = €,(x, y) — €(x, y) (5)

is the permittivity profile to be reconstructed. In the iter-
ative procedure proposed in our previous paper [1], the
Green’s function remains unchanged throughout the iter-
ation, implying that € in the above equation is constant,
which is the free-space relative permittivity. We call this
the Born iterative method because, in each iteration, the
kernel of the integral operator remains unchanged, only
the field in the scatterer is updated. One immediate exten-
sion of this method is to udpate the Green’s function, the
kernel of integration, as well as the field in the scatterer.
By updating the Green’s function, extra computational ef-
fort is needed to calculate the point-source response in the
scatterer for every observation point. Fortunately, when
the inverse of the matrix is known from solving the for-
ward problem, the extra computational effort for the point-
source response in the scatterer is proportional to MN?2,
where M is the number of the measurements and N is the
number of unknowns modeling the scatterer. For most
practical situations, the number of unknowns is much
larger than the number of measurements, i.e., N >> M.
Therefore, the extra computational effort needed to cal-
culate the Green’s function is of an order smaller than that
for solving the forward problem at each iteration step. The
salient features of the new iterative procedure for solving
the nonlinear integral equation (4) is briefly sketched as
follows.

1) Solve the linearized inverse problem for the first-
order object function by using the Born approximation
where the homogeneous Green’s function of (3) with the
unit relative permittivity is used.

2) Solve the forward scattering problem using the
method of moments [18], [19] for the field in the object
and at the observation points. Next, calculate the point-
source response in the object for every observation point
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with the last reconstructed object function. The second
part of this step is to calculate the Green’s function with
the last reconstructed permittivity distribution as the
background permittivity € (x, y).

3) Substitute the new Green’s function and the field ob-
tained in step 2) into the integrand, and subtract the scat-
tered field at the receivers from the left-hand side of in-
tegral equation (4). Then solve the above inverse problem
for the corrections to the last reconstructed profile. Gen-
erate the new profile by adding the corrections to the pre-
vious profile.

4) Repeat step 2) and compare the field scattered by the
reconstructed distribution function and the measured data
which, in our case, are the simulated fields for the exact
distribution function at the receiver points. If the relative
residual error (RRE) (see definition below) is less than a
criterion which was given before or is larger than the RRE
of the last reconstructed profile, the iteration terminates.
Otherwise, repeat the cycle until the solution converges.

The definition of the relative residual error (RRE) in the
Jjth iteration is

2 |E(p) — BV (9)]
RRE = =

7 (6)
i; IES( Pi)’

where the summation is over the receiver points.

A. Direct Scartering Solution and the Green’s Function

To implement the above procedure on a computer, both
the forward [step 2) and step 4)] and the inverse [step 1)
and step 3)] problems need to be discretized. For consis-
tency, we choose the same basis function f;(x, y) for both
of them. For simplicity and comparison with the Born it-
erative method we proposed in our previous paper, the
pulse basis function f;(x, y) has been used in discretizing
both the direct and the inverse scattering problems. The
point-matching method [18], [19] is employed in solving
the forward scattering problem and in calculating the
Green’s function with the permittivity distribution at every
iteration step.

The field and the permittivity of the object are repre-
sented as

Ez(x’ y) = i§1 eifi(x’ y)’ (7)

(8)

The equation of the forward scattering problem can be
written as

N
Se.(x, y) = i:Zl a;fi(x, y).

T:-e=b, 9)

where e is an unknown column vector whose entries are
the expansion coefficients of E.(x, y) expressed in (7),
and b is the expansion coefficients of the incident field in
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the first term on the right-hand side of (1). The elements
of matrix I" are

T, =6, — SSS Go(p — p' )k5de,8(x" — x;)

“8(y = y)fi(x, y) dx' dy’ dx dy. (10)

The linear system of equations for calculating the Green’s
function is the same as (9), except that the entries in the
column vector b comprise the incident field generated by
a two-dimensional point source located at the correspond-
ing receiver point.

It is worthy to note that to calculate the Green’s func-
tion numerically in every iterative step, the matrix inverse
model is exactly that for solving the forward scattering
problem. Therefore, if the matrix has been inverted in
solving the forward scattering problem, the same matrix
inverse is directly applied to calculate the Green’s func-
tion so that the extra computational effort is proportional
to MN?, where M is the number of receivers and N is the
number of basis functions used in the discretization of the
problem. In most practical situations, the number of un-
knowns is much larger than that of receivers, i.e., N >>
M. Therefore, compared to the computational time spent
on solving the forward problem, which is proportional to
N3, the extra time spent on the calculation of the Green’s
function in each iterative step is not that significant.

B. Inverse Scattering Solution

For a linearized version of the integral equation (1), the
linear system of equations for the inverse scattering prob-
lem is

N

E (5 y) = 2 al)
i=1

Sgs G/(p; —p, €r)
Ckafix Yy ESD (x0 y") dx' dy!

(11)

j = 1’ BRI M’
where S; is the domain of the pulse function f;(x, y), and
E{"" is the Ith forward scattering solution with the /th per-
mittivity distribution function. For ! = 0, it is the incident
field in the object, and (8) has been used to express d¢, in
terms of the basis function f;(x, y). G;(p; — p’, el) is the
Green’s function with the permittivity distribution e/
which has been obtained numerically.

Equation (11) for the inverse scattering problem can be
written as the matrix equation

b=K:-a (12)

where

! 1
o EX(pw))
T

saN)s

b = (E)( p1). EX(p2),

a=(a,a, -
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and K is an M X M matrix whose elements are
K; = Hs K3Gi(p, — p's €)EL (X, y)

Cfi(x, y)dxdy’

i=1, -+ ,N, j=l,"',M.

It is well known that (12) of the inverse scattering prob-
lem is ill posed [14]-[16]. In order to find an adequate
solution of (12), the regularization procedure [20], [21] is
employed to circumvent the instability of the problem. In
the regularization procedure, instead of solving the matrix
equation (12) directly for a least-square solution, we can
solve an optimization problem which minimizes the cost
function C(a), defined as

Cla) = |K-a-bl +~|H- al’.  (13)

where v is the regularization parameter, and H is the

smoothing matrix. From (13), one obtains the following

matrix equation:
K- K+ yH - H]

ca=K b, (14)

where K* and H' are the conjugate transpose of Kand H,
respectively. In this paper, the zeroth-order regulariza-
tion, in which H is the identity matrix of order N, has
been used to generate results given in the next section. A
solution of (14) is given by

a=[K' K++K -K -K'-b (15

More attention is needed to choose an adequate regu-
larization parameter vy in solving the above equation.

III. NUMERICAL RESULTS

Before presenting some numerical results, we define and
review some terminologies which will be used in the fol-
lowing numerical analysis. First, we define the relative
Mean Square Error (MSE) of the reconstructed permittiv-
ity profile as

[t - c(or axas
MSE =

(16)
I\ e ara :

where § is the scatterer’s cross section, e/ '( p) is the re-
constructed relative permittivity distribution in the ith it-
eration, and e, ( p) is the original relative permittivity dis-
tribution. In actual application, MSE is unknown since
€,( p) is not known. Second, the Relative Residual Error
of jth iterative reconstructed permittivity profile is defined
in (6).

As the first example, Fig. 2 shows clearly the evolution
of the convergence of the solution given by the distorted
Born iterative algorithm for an asymmetric permittivity
distribution. Fig. 2(a) is the original dielectric distribu-
tion. Fig. 2(b) is the first-order Born approximation. Fig.
2(c)-(h) shows the iterative results from the second iter-
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Fig. 2. Reconstruction of an asymmetric distribution with operating fre-
quency at 100 MHz. The peak value of the relativity permittivity is 1.8.
The diameter of the object is one wavelength. (a) is the original distri-
bution. (b) is the result of the first-order approximation. (¢)-(h) are the
results from the sccond iteration to the seventh iteration. (i) is the final
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convergent solution after 25 itcrations.
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Fig. 3. The relative MSE (Mean Squared Error) and the RRE (Relative
Residual Error) of the reconstructed permittivity distribution in Fig. 2 as

a function of the iteration steps.

ation to the seventh iteration. Fig. 2(i) gives the final con-
vergent solution after 25 iterations. Actually, it is hard to
tell the difference between (e) and (i). The reason why the
algorithm terminates after the 25th iteration is that we have
chosen a relatively small RRE as a convergent criterion
in this case (107°) to examine the convergence and the
stability of the algorithm.

Fig. 3 shows the relative mean square error (MSE) and
relative residual error (RRE) of the reconstructed permit-

tivity distribution in the last example as a function of the
iteration steps. It is clear that the RRE drops to a negli-
gible level after the fourth iteration. The MSE stays at
0.026 after the sixth iteration because of the band-limited
effect of the algorithm. For example, a discontinuity at
the origin of the original permittivity distribution is
smoothed out in the reconstruction.

This example gives us an idea on how the algorithm
proposed in the present paper works for a general permit-
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tivity reconstruction problem for asymmetric and non-
smooth distribution.

In the following examples, both the results of the dis-
torted Born iterative method and the Born iterative method
are given for comparison for every case.

A. Sin-Like Distribution (Noiseless)

Fig. 4 shows the reconstruction of a sin-like permittiv-
ity distribution by using the distorted Born iterative
method. The diameter of the object is about 1A. Fig. 4(a)
is the original distribution. Fig. 4(b) is the result of the
first-order Born approximation. Fig. 4(c)-(e) shows the
iterative solution from the second step to the fourth step.
Fig. 4(f) gives the convergent solution after the 15 iter-
ations.

Fig. 5 shows the reconstruction of the same distribution
by using the Born iterative method. The meaning of the
curve surfaces are the same as that in Fig. 4.

Fig. 6 shows the relative mean square error and the rel-
ative residual error as a function of the iterative steps for
both the distorted Born and the Born iterative methods. It
shows that for the distorted Born iterative method, the
convergent solution is achieved after the fourth iteration,
while for the Born iterative method, the convergent so-
lution is reached after the sixth iteration.

B. Two Separated Pulses (Noiseless)

Fig. 7 shows the reconstruction of the two pulse distri-
bution using the distorted Born iterative method. The di-
mension of the pulses is about A /4. The distance between
the two pulses is about A /4. Fig. 7(a) is the original dis-
tribution. Fig. 7(b) is the reconstructed distribution of the
first-order Born approximation. Fig. 7(c)-(h) shows the
reconstructed distributions from the second to the seventh
iterations. Fig. 7(i) is the result after 15 iterations.

Fig. 8 shows the reconstruction of the same distribution
by using the Born iterative method.

Fig. 9 gives the relative residual error (RRE) of the re-
constructed distributions as a function of the iteration steps
for both the distorted Born and Born iterative methods.
The difference at step 1 is due to the different choices of
regularization parameters in (14 ) for both cases.

From this example, we see that both methods success-
fully distinguish the two pulses from each other. How-
ever, the convergent speed of the Born iterative method
seems much slower than that of the distorted Born itera-
tive method.

Up to now, all the examples given in this paper are
noise free. To achieve the same accuracy for the recon-
structed solution, the Born iterative method needs at least
two more iteration steps than the distorted Born iterative
method.

C. Sin-Like Distribution with Noise

Fig. 10 shows the reconstruction of a sin-like permit-
tivity distribution with 25 dB of the signal-to-noise ratio
by using the distorted Born iterative method. The diam-

IEEE TRANSACTIONS ON MEDICAL IMAGING. VOL. 9. NO. 2. JUNE 1990

Fig. 4. Reconstruction of a sin-like permittivity distribution by using the
distorted Born iterative method with operating frequency at 100 MHz.
The peak value of the relativity permittivity is 1.8. The diameter of the
object is IN. (a) is the original distribution. (b) is the result of the first-
order approximation. (c)-(e) are the results from the second iteration to
the fourth iteration. (f) is the final convergent solution after 15 itera-
tions.
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Fig. 5. Reconstruction of a sin-like permittivity distribution by using the
Born iterative method with operating frequency at 100 MHz. The peak
value of the relativity permittivity is 1.8. The diameter of the object is
IN. (a) is the original distribution. (b) is the result of the first-order ap-
proximation. (¢)-(e) are the results from the second iteration to the fourth
iteration. (f) is the final convergent solution after 15 iterations.

eter of the object is 1X. The peak value of the sin-like
distribution is 1.8. Fig. 10(a) is the reconstructed distri-
bution of the first-order Born approximation. Fig. 10(b)-
(e) shows the iterative results from the second to fifth it-
erations. Fig. 10(f) is the result after a filtering operation
which we shall describe later. The algorithm terminates
after five iterations because the relative residual error in
the fifth iteration is larger than the RRE in the fourth it-
eration (see Fig. 12 below). The plot of the original per-
mittivity distribution is given in Fig. 11(a).

Fig. 11 shows the reconstruction of the same problem
given in the above by using the Born iterative method.
Fig. 11(a) is the original distribution. Fig. 11(b) is the
reconstruction of the first-order Born approximation. Fig.
11(c)-(g) shows the results from the second iteration to
the sixth iteration. Fig. 11(h) is the final result after 15
iterations. Here we have set the maximum number of steps
as 15. Fig. 11(i) is the filtered result.
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Fig. 6. (a) is the relative MSE (Mean Squared Error) of the reconstructed
permittivity distributions in Figs. 4 and 5 as a function of the iteration
steps. (b) is the RRE (Relative Residual Error) of the reconstructed per-
mittivity distributions as a function of the iteration steps.
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Fig. 7. Reconstruction of a two-pulse distribution by using the distorted
Born iterative method with the operating frequency at 100 MHz. The
peak value of the relativity permittivity is 1.8. The dimension of the
pulses is about \ /4. The distance between the two pulses is about X /4.
(a) is the original distribution. (b) is the result of the first-order approx-
imation. (c)-(h) are the results from the second iteration to the seventh
iteration. (i) is the final convergent solution after 15 iterations.

Fig. 8. Reconstruction of a two-pulse distribution by using the Born iter-
ative method with the operating frequency at 100 MHz. The peak value
of the relativity permittivity is 1.8. The dimension of the pulses is about
N/4. The distance between the two pulses is about A/4. (a) is the orig-
inal distribution. (b) is the result of the first-order approximation. (¢)-
(h) are the results from the second iteration to the seventh iteration. (i)
is the final convergent solution after 15 iterations.

Fig. 12 gives the MSE and the RRE as a function of
iteration steps for both the distorted Born and the Born
iterative methods. As we see, the MSE of the distorted
Born iterative method increases at the fifth iteration step.
This is consistent with Fig. 10(e) which is noisier than
that of Fig. 10(d). Fortunately, at the same step, the RRE
increases as well [see Fig. 12(b)] so that the program is
terminated after this step. However, the convergent be-
havior of the Born iterative method is quite different. Both
the RRE and MSE reach the final convergent solution after
a few steps, and both of them stay at that value until the
program terminates after the iteration reaches the maxi-
mum iteration steps.

When noise exists, unwanted artifacts are present in the
reconstructed distribution, which could be easily recog-
nized in Fig. 10(e) and Fig. 11(h). This image noise ob-
scures the actual object features. For this reason, image
filters are used to remove the noise so that the features
can be identified [22]. The filter operates by passing a
5-cell window over the image, and replacing the center
cell of the window with some function of all the cells in
the window. One obvious function would be one that
averages all the cells in the window. Unfortunately, this
type of filter is too harsh because in addition to removing
the noise in the image, it also blurs the desired features
of the distribution function of the object. In this paper,
the weighted average filter of all the cells in the window
has been chosen in which weighting factors are chosen as
1.8 for the center cell and 0.8 for the other cells. Fig.
10(f) and Fig. 11(i) are the final reconstructed distribu-
tions after filtering on Fig. 10(d) and Fig. 11i(e), respec-



224

IEEE TRANSACTIONS ON MEDICAL IMAGING. VOL. 9. NO. 2. JUNE 1990

0.9

0.8

0.8

RRE

0.5

0.3 +

0.2 o

- BORN ITERATION

®  DISTORTED BORN

1

N
wi N N
e
2 3 4 5 8 7 8 9 19

-
11 12 13 14 15

NUMBER OF [TERATION STEPS

Fig. 9. The RRE (Relative Residual Error) of the reconstructed permittiv-
ity distribution in Figs. 7 and 8 as a function of the iteration steps.

Fig. 10. Reconstruction of a sin-like permittivity distribution with a 25 dB
signal-to-noise ratio in the measurement field by using the distorted Born
iterative method with operating frequency at 100 MHz. The peak value
of the relativity permittivity is 1.8. The diameter of the object is IA. (a)
is the original distribution. (b) is the result of the first-order approxi-
mation. (c)-(e) are the results from the second iteration to the fourth
iteration. (f) is the final distribution after operating the filter function on
(d).

Fig. 11. Reconstruction by using the Born iterative method for the same
problem given in Fig. 10. (a) is the original distribution. (b) is the result
of the first-order approximation. (c¢)-(g) are the results from the second
iteration to the sixth iteration. (h) is the convergent distribution after the
15 iterations. (i) is the reconstructed distribution after operating the filter
function on (h).

MSE

0.8
0.7 4
+  BORN ITERATION
0.6 A
®  DISTORTED BORN
0.5 4
0.4
0.3 o \I \
0.2 . ~.
. .
N \‘\
N
>t \.\‘/\.\
o T T
1 2 3 " 5 8 7 s 9 10
NUMBER OF [TERATION STEPS
(a)
- BORN ITERATION
®  DISTORTED BORN
]
=
o
K \ N
4 5 8 T L] 1] i

NUMBER OF ITERATION STEPS

(b)

Fig. 12. (a) is the relative MSE (Mean Squared Error) of the reconstructed
permittivity distributions in Figs. 10 and 11 as a function of the iteration
steps. (b) is the RRE (Relative Residual Error) of the reconstructed per-
mittivity distributions in Figs. 10 and 11 as a function of the iteration
steps.
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tively. The reason for using Fig. 10(d) instead of Fig.
10(e) is that both of the MSE and the RRE at step four
are smaller than that at step five, such that it is more re-
liable to use Fig. 10(d) instead of Fig. 10(e).

D. Discussions

In the above, we give the examples using both the dis-
torted Born iterative and the Born iterative methods to re-
construct the permittivity profiles. In the noiseless cases,
the distorted Born iterative method displays faster con-
vergence than the Born iterative method. However, for
the noisy cases, the Born iterative method is more robust
than the distorted Born iterative method. The example
given in this paper with the noisy case for the distorted
Born iterative method is acceptable because the program
is terminated immediately just after the MSE increases.
However, if the MSE and the RRE do not increase at the
same step, the final reconstructed profile could be quite
noisy. The reason why the distorted Born iterative method
is more susceptible to noise contamination is explained in
the following paragraph.

The left-hand side of (4) is unchanged in the iterative
process for the Born iterative method which is the scat-
tered field by the object with the free-space background.
However, for the distorted Born iterative method, the left-
hand side of (4) has to be subtracted from the scattered
field of the last iterative reconstructed distribution with
the background as the distribution before the last itera-
tion. If the noise is added in the scattered field at the be-
ginning (in our case, 25 dB signal-to-noise ratio, which
is equivalent to about 5.6 % random noise, has been added
in the examples given in Fig. 10 and 11), then after a few
iterations, the noise will dominate the left-hand side of
(4). Consequently, the correction of the distribution after
that step only contributes to the noise of the constructed
distribution and no more information of the object could
be derived.

IV. CoNcLuUsION

An alternative iterative method, called the distorted
Born iterative method, has been presented for solving the
two-dimensional nonlinear inverse scattering problem.
The comparison has been made between this method and
the method proposed in our previous paper. The results
show that for the noiseless cases, the distorted Born iter-
ative method is superior to the Born iterative method be-
cause of its faster convergent speed, while for the noisy
cases, the Born iterative method is more robust than the
distorted Born iterative method. The simulation is limited
to the objects of two wavelengths or less because of the
available computational resources. Larger problems can
be studied with such algorithm. The size of the object
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may or may not affect the validity of the algorithm, and
should be a topic of further research.
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