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The dielectric constant and conductivity of a dilute ensemble of immobile, spherical particles with fixed
surface (zeta) potential ®,, immersed in an electrolytic solution, is obtained in the thin double layer
approximation &§ <a, & being the thickness of the double layer, and g the radius of the particles. Equations of
motion for coions and counter-ions are solved by the method of matched asymptotics. The equations of
motions, linearized in the applied electric field E, and with coefficients that are functions of the unperturbed
potential (zeroth order in E, ), are solved to second order in (6/a). The term giving enhancement in the real
part of the effective dielectric constant of the ensemble £, is second order in §/a; but the series converges if
(8/a)?/(1-t)<1, where t = tanh(e®,/k,T), e being the ionic charge, k; the Boltzmann constant, and T the
absolute temperature. The static value of €., to this order, is €, ~36f¢'t?/(1-t%?, where f is the volume
fraction of particles, € the real part of the dielectric constant of the solution. When ®,—s w0, therefore, 1—1,
€, diverges as €, ~9/4f¢’ exple®, /k,T). The present treatment is free from the approximations of previous
analytical results. When applicable, the theory agrees well with experiments over three decades in frequency,
with one adjustable parameter @,. Comparison with other theories are made.

I. INTRODUCTION

A charged particle, like a clay particle, immersed in
an electrolytic solution acquires a charge cloud, known
as an electrochemical double layer. Polarization of the
double layer in an external electric field has been in-
voked, for the last 20 years as the mechanism responsible
for large (~1000) values of low frequency dielectric con-
stant of rocks containing clay particles, as well as other
colloidal and biological systems.

In this paper, we give a rigorous analysis of the phe-
nomenon, and obtain excellent agreement with experi-
ments. This analysis is free from incorrect assump-
tions of previous theories, and provides insight that
numerical solutions cannot.

Schwan' and co-workers (in 1962) observed that a
suspension of polystyrene particles (of ~ 0.1 um diam)
in KC1 solution has a dielectric constant of well over 16*
at frequencies below 1 kHz. This is remarkable con-
sidering that the dielectric constant of the solution is
about 80 and that of the polystyrene is about 2. They
also found that (i) the dielectric constant is proportional
to the particle size; (ii) the characteristic time is pro-
portional to the square of the particle radius, and (iii)
both the dielectric constant and the characteristic time
are independent of salinity at high salinity. Neither the
Maxwell-Wagner effect®® nor the electrophoretic ef-
fect! were capable of explaining these high values, or
the size dependences. Accordingly, an explanation
was sought in the polarization of the interfacial ions.

Schwarz? explained these experimental results re-
markably well by a model of interfacial charges which
cannot exchange with those in the bulk of the solution.
This model has been criticized in the literature for be-
ing ad hoc.510

In the more recent treatments, "!! the tightly bound
double layer is abandoned in favor of the Guoy~Chap-
man model.'* The Guoy—Chapman or the diffuse double
layer assumes that the charge distribution is given by
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the Boltzmann distribution in terms of the potential.
The potential is given, self-consistently, in terms of
these charges by Poisson’s equation. The first step of
the problem involves solving these equations to a suit-
able approximation.

Next, to obtain the dielectric and conductivity re-
sponse, an external field E, is applied. Our starting
premises are the same as these recent investiga-
tions, "™ put our procedure is different from the previ-
ous techniques.

We obtain here analytical result in the limit that the
double layer thickness 6 is small compared to the radius
a of the charged particle (with a surface zeta-potential
®,) using matched asymptotic expansions.!®!* The tech-
nique is described briefly below. The existence of a
boundary layer naturally separates the space into over-
lapping inner and outer regions (see Fig. 1). Solutions
are developed in power series in (6/a) in each region,
and are matched between the regions order by order.
Far from the particle, the screening cloud shields the
charge, the potential becomes small, the terms which
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FIG. 1. A negatively charged particle immersed in electrolyte
attracts positively charged counterions and repels negatively
charged coions in a double layer of thickness 6.
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are exponentially small, can be neglected in comparison
with algebraic terms and the equations become simpler.
If » is the distance from the center of a particle, for
r~a+9d, i.e., in the boundary layer region, the poten-
tial changes rapidly and the governing equations assume
different forms. To simplify them, the rapid varia-
tions, with distance, are emphasized by a coordinate-
stretching-transformation to a new variable X = (» — a)/6.
Then the asymptotic form of the inner solution in the
outer region (X — =) is matched, order by order in 5/a,
to the asymptotic form of the outer solution in the inner
region (r —a). We have used this method previously to
obtain the potential and charge distribution for the un-
perturbed E,=0 case.’® Excellent agreement with nu-
merical results is found with the solution containing
terms just up to first-order in (6/a).

When an external field E; e '“* is applied, the currents

acquire nonzero values j, and the potential changes to

® + ¢, and the charge densities become N, +7n,. All the
field induced quantities are functions of E,, and are de-
noted by the lower scripts. Sincewe are interested inthe
linear response only, we obtain charges, potential and
currents linear in E;,. The equations for n, and ¢ are
described in Sec. II. In Sec. III, we give solutions of
n{®, ¢© zeroth order in 5/a by heuristic arguments.
The rigorous derivation is given in Appendix A. It
turns out that the dielectric constant becomes large
when the induced dipole moment and the induced poten-
tial develop an out-of-phase component. The first non-
zero out-of-phase component comes from terms second
order in (6/a). The solutions to first-order in (6/a)
are given in Sec. IV and are used in Sec. V to obtain
solutions to order (6/a)®. For the simplicity of presen-
tation we take D, =D_ but we give the final general solu-
tion when D,#D_. Also in Sec. V, the dielectric con-
stant and conductivity of an ensemble of such particles
are considered. Comparison with experimental data of
Schwan! is made. In Sec. VI, a summary of the deriva-
tion is given. InSec. VII, our results are compared with
other theories. Appendix B contains some mathematical
details.

Our perturbative approach lends to a new understand-
ing of the mechanism that gives rise to the dielectric
enhancement. This mechanism is vastly different from
that proposed by Schwarz and also from the Maxwell-
Wagner effect. Schwarz’s or Maxwell-Wagner effect
arises principally from induced charges on the surface.
In our case the enhancement depends critically on a neu-
tral induced diffusion cloud that extends far beyond the
original double layer. In the unperturbed double layer,
charges fall off exponentially as exp[— (» —a)/6]. The
induced cloud falls off rather slowly, as

exp[-Ar -a)], Vo ,

and the enhancement disappears when w becomes large
so that ax «<1. These points are discussed in Secs.
VI and VII.

I1. MODEL AND POTENTIAL IN THE PRESENCE
OF AN EXTERNAL FIELD

As pointed in the Introduction, we adopt the model
which is accepted in the recent studies.” ! A dilute
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ensemble of particles immersed in an electrolytic solu-
tion, with potential given by the Poisson-Boltzmann
equations. The charge density and the potential around
a charged particle in the absence of an external field
are already obtained analytically in Ref. 15. Hence-
forth, we will refer to such a solution as the unper-
turbed solution.

In the presence of a quasistatic external electric field
E,exp(-iwt), the charge densities and potential are per-

turbed from the equilibrium values. Hence,
Ni=N,+n, , (2.1)
V=¥iyp, (2.2)

where N!, N,, and n, are the total charge densities, un-
perturbed charge densities, and perturbed charge den-
sities respectively, and ¢, ¥, and ¢ are the total po-
tential, unperturbed potential, and perturbed potential,
respectively. Here ¥’s and § are normalized potentials,
related to the actual potential & through ¥ =(e/ksT) ®.
The total ionic currents are

jt=D,(-VN!ENLVE) | (2.3)

The first term in the above corresponds to diffusion
current while the second term is the consequence of
conduction current. Assuming that the perturbing elec-
tric field is small, n, and ¥ can be assumed to be linear-
ly proportional to E,, when E3< E,. Substituting Egs.
(2.1) and (2. 2) into Eq. (2.3), and using the fact that the
ionic currents are zero in the absence of the external
field, the perturbed currents that are linearly propor-
tional to E, are

.~ D (=Y, FN, VYFn, V¥) + O(ED) , Ey—~0. (2.4)

The total charge densities, potential, and currents have
to satisfy the Poisson’s equation, i.e.,
Nt __Nt
VI = - 2.
¥ W , (2.5)

where 6 =[€'ksT/(e22N,)]"/? is the Debye length €’ the
real part of the dielectric constant of the ionic solution
and N,, the equilibrium ionic densities in the absence
of the charged particles. Also, from the continuity
equations,

V., =iwn, . (2.6)

Linearizing Eqs. (2.5) and (2. 6) with Egs. (2.1), (2.2),
and (2.4), we have the pertinent equations

n,—n.

2= — 2.7

veY 2N, 5 (2.7)
and

D, V. (-Vn,¥N, VYFn, V¥ =iwn, . (2.8)

Equations (2.7) and (2.8) constitute three coupled dif-
ferential equations from which the three unknowns, n,
and ¥ can be solved. The appropriate boundary condi-

tions are
je+ 7lea=0, (2.9)

This implies that
The

where a is the radius of the particle.
the ions do not penetrate the insulating particle.
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continuity of potential implies that
¥(@*) =¢(a) ,

and the continuity of displacement current gives rise to

(2.10)

e’%-a—‘p-

= 2.11
o - (p Y. y ( )

a

where ¢, is the dielectric constant of the insulating par-
ticle. The potential for » <a is given by the solution of
Laplace’s equation

v =0, r<a. (2.12)
In the outer region, we require that as -,

P~ —egrcoséd ,
where

eq=E,e/ksT , (2.13)

i.e., only the applied field exists when one is very far
from the particle. The boundary conditions for the
ionic densities at infinity are

n,~0, asyr—-= , (2.14)

Because of the nature of the applied field, and the
boundary condition (2. 13), it follows that
P(r)=P(r) cos 8 . (2.15)

At this stage, Eqs. (2.7) and (2.8) with the boundary
conditions still seem formidable. However, they can
be made tractable by expanding the quantities in power
series of (6/a):

n,(r)=nr)cos8 ,

1y~ 18+ (6/a) n +(6/a)?n'® + -+ (2.16a)
=9 4 (6/a) 9 + (8/a) 9 4+ - - (2. 16b)
N,~N® 4+ (8/a) NP+ - - (2. 16c)
U~ 04 (5/a) TP 4. .- (2. 16d)

The series (2.16¢) and (2. 16d) are already obtained in
Ref. 15. We divide the space outside the sphere into
an outer and inner region. The outer region is the re-
gion where (» —a) > 5, i.e., where sufficient Debye
shielding occurs. The inner region is the region where
(r —a)~0(6), i.e., in the double layer itself. Next, we
seek the solutions of the terms in the perturbation
series (2.16a) and (2. 16b) in the outer and inner re-
gions. The solutions in the outer and inner regions
are asymptotically matched to each other in the over-
lapping region through the technique of matched asymp-
totic expansions.!*!* This technique gives analytic
solutions under the thin double layer approximation,
i.e., 6<a.

Hl. THE ZEROTH ORDER SOLUTION

When 6/a—~ 0, the charged particle is compietely
shielded by Debye shielding and the insulating particle
looks like a neutral particle when one is outside the
double layer. Hence, the zeroth order solution resem-
bles the solution of an insulating particle in the pres-
ence of a conductive medium. In the outer region,
we may write

Dout™ Peut=— o7 cos 6 —% e (a®/r*) cos6 , 8/a~0,
(3.1)
a well-known solution for an insulating particle in a
conductive medium. It can be easily shown that in such
a problem, the diffusion current is zero outside the

particle, or
(3.2)

~gaf0)
Ryout nt(o)ut"o 4 5/‘1-.0 M

It is also easily shown that the inner solutions that
match to Egs. (3.1) and (3.2), are

==3%e,acos b~ 1'_1‘1134).‘,?,{ , (3.3)
nPn=0 . (3.4)

The interior solution for the potential inside the particle
is given by

) _

=-%e,7cosé (3.5)

from the continuity of potential. The rigorous deriva-
tion of these results are given in Appendix A.

IV. THE FIRST ORDER SOLUTION

The zeroth order solution does not give rise to the
enhancement of the dielectric constant of the ensemble.
To give rise to enhancement, the solution has to be such
that

p=—eqrcos+(Pey/ra’cost , (4.1)

where P =P’ +iP’’ is complex. Complex P implies that

the dipolar potential in Eq. (4.1), i.e., the second
term, will drive a displacement current that is out of
phase with the mainstream current, which is the con-
duction current. Hence P” #0 implies that there is an
increase of displacement current in the system of the
ensemble of particles.

For the simplicity of presentation, we consider the
case D,=D_=D where the essential physics of the prob-
lem is entailed. The final result for the general case
where D,# D_ will be presented in Eq. (5.14). When P
in Eq. (4.1) differs from -4, as in Eq. (3.1), there
will be a nonzero normal component of the current.
Therefore we proceed to find the order of the nonvan-
ishing component of the normal current at the particle

surface.

A. Inner region

We note that the electric field at the surface of the
particle is purely tangential to zeroth order [see Eq.
(3.3)]. To emphasize the inner region, we perform the
coordinate stretching transformation,

r—a=6X . 4.2)

This implies that the gradient operator is approximately

58X 8

?g, 5~0. {4.3)

1
§ 8X * 88
Using Egs. (3.3), (3.4), and (4.3) in Eq. (2.4), we
find that
]

Jina =7 O DN — y®

=¥ 8 DNV} ¢;sin6 , (4.4)
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N9 is derived in Ref. 15, and is given by

15te™\?

N§°’<X)=No(1—,r> , t=tanh(¥y/4) .

+te” (4.5)

Here ¥, is the potential at the surface of the particle.
Thus the zeroth-order potential in the inner region
drives a purely circumferential zeroth-order current.
The current varies rapidly with X or » —a. In the inner
region, a divergent operator can be written approxi-
mately as

. 1 9 ~2 + 1 ]
vV =div~ X68X+(Xa+9asmeae s1n9>

0X 1 o 2
—-—-g-<X2+BS1 Y] Sm9>+0(6) (4.6)
Applying the continuity equation (2.6) in the inner re-
gion with Egs. (3.4) and (4.6), we can show that the
first nonvanishing normal component of the current is
of the order (6/a). If we assume that

]ﬂnn ]unn+ (6/‘1) ng)m‘*' (5/0)2131)“1 ’ (4' 7)

we can show from the continuity equation

9 S 1 8 o)
aX]ﬁx ey sinfj,. =0 . (4.8)
Integrating Eq. (4.8) with the substitution of Eqs. (4.4)
and (4.5), we have
-X
j =1 3e,DNycos 8 | XF — o, 4t_ex
14 1+
4t

~1+ 3e,DNy cos 6 Xxl—t , X—~o , (4.9)

Since ¢ =tanh(¥,/4), we notice that if the particle is high-
ly charged or | ¥yl > 1, then I¢| ~ 1 implying that j& can
differ greatly in magnitudes when one is far away from
the surface of the particle.

1) :(1)

The wide difference inamplitudes of j,x' and jx' im-
plies that these ionic currents cannot be carried away
from the inner region into the outer region by conduc-
tion current alone, since conduction gives rise to ionic
currents which are equal and opposite. These normal
ionic currents, which are induced by the change in the
circumferential ionic currents [see Eq. (4.8)], can
only be convected away from the surface by conduction
and diffusion. Hence, we expect a diffusion cloud of
ions in the outer region which is induced by the inequal-
ity in amplitudes of j&'.

B. Outer region

To obtain an expression for the diffusion cloud or n,
in the outer region, we need to solve Egs. (2.7) and
(2.8). Using the fact that

N,~Ny+est, ¥~est, r—-a>»b, (4.10)

where est stands for exponentially small term of order

exp| — (» —a)/58]. Equation (2.8) with the use of Eq. (2.7)
can be written as
Va1 (iw/D)nP F (1/26%) [0 —nV] =0, (4.11)

which is a set of coupled-mode equations. The solution
can be easily obtained by taking sums and differences of
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tribution in the double layer changes and polarization charges

In the presence of an electric field £, the charge dis-

develop within the particle. The most important effect is that
a cloud of charges consisting of equal positive and negative
charges develops. This neutral cloud has a characteristic
thickness of 1/A. For enhancement, the inequality aA <1 has
to be satisfies.

the above equations,

Doy CcW® aderr-o) (1+x)
0 7 (1+2a)

where A=(1-4)Vw/2D. InEq. (4.12), we have ne-
glected exponentially growing solutions, and solutions
which are exponentially small {est) in the outer region.
The potential can be derived by solving Laplace’s equa-
tion (2.7), giving

P =PWYe,(@®/r¥)cosb .

cosé , (4.12)

(4.13)

We have assumed the right-hand side of Eq. (2.7) to be
zero due to Eq. (4.12).

The diffusion cloud with n{¥ =»¢*’ given by Eq. (4.12),
is neutral and has a size ~ 1/, see Fig. 2. We will
find that in Sec. IV, n{¥’=n® also. Despite its neu-
trality, this cloud plays a crucial role in introducing
an out-of-phase term in the dipole moment of the par-
ticle. A new length scale 1/X emerges of this analysis.
For enhancement the inequality Aa << 1 has to be satisfied.
The amplitudes P and C"', are obtained by matching
the radial currents driven by Eqs. (4.12) and (4. 13) to
the normal currents given by Eq. (4.9). The radial cur-
rents from Eq. (2.4) with the approximation Egs. (4.12)
and (4.13) are

AZ 1,2

14y + ——

3 _-A(r-a) ) 3

a’e 2 2PV eya

;1}’_DN0cose? 20 Y xS0
(4.14)

In the inner region v —a~ 8, the outer currents Eq.
(4.14) take the following form:

e~ i+ (8/a) i

~+(8/a) DNy cos 6{3e, X+ 2C* a + 2P ey},

<1+m+ %)/(um) .

(1)
(4. 15)

where

(4.16)
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It can be shown that « is the ratio of the radial compo-
nent to the circumferential component of the diffusive

ionic currents near the surface of the particle. Com-
paring Egs. (4.15) and (4.9), we deduce that
6t eyt
 _ w_ _ 0
P = 1-2° cH = m (4.17)

The potential is given by

I ()zp“’--e rcos 8+ eJa—C;ls-i[ 1 6t2t (5)]

(4.18)

Since the induced dipole moment PV is still pure real,
there is no dielectric enhancement up to order (5/a).
This is very much like the O’Konski’s 18 result, i.e.,
the presence of conduction current alone in the double
layer does not give rise to dielectric enhancement.

V. HIGHER ORDER THEORY

In the previous section, we have derived the potential
up to order y*’, but P’ still does not contain an out-of-
phase term. An out-of-phase term for P, appears in
the second order solution $®. Previously, we obtained
P from j& in the double layer. By the similar token,
$® is obtained from j$’ in the double layer. From the
continuity equation, and using the perturbation series
Eqas. (2.16) and (4.7) in the inner region, we can show
that

18 o_, wm__1 8 W oy _ X .
a 8X /X =iwn, ~ asinb 88 sinb(js’ ~Xisg) - PIES
(5.1)
where
“)_Dm P F [N YO L NOGD _xy Oy} (5, 2)
and from Ref. 15,
) o _ 2te™ 2 -ox
N, =%N, m[t (1-e*)-2x], (5.3)

ji9’ and j§

tively.

i are given in Eqs. (4.4) and (4.9), respec-

To derive j&, we need to know ¢ and n{" in the
double layer region. We have anticipated this earlier,
for when we evaluate the outer solution of »{"’ and p
in Eqs. (4.12) and (4. 13), near the surface of the par-
ticle, we have nonzero values

Neout™ (8/a) L) ~ N, C P cos 6, r~a (5.4a)
Yout ~ Ve + (8/a) 2~ -3 ey + (6/a) PP eglacos b, r~a.
(5. 4b)

In other words, Eqs. (4.12) and (4.13) imply nonzero
n{!? and $ quite easily in the inner region that will
match asymptotically to the outer solutions (5.4a) and

(5.4b). The derivation is given in Appendix B:

-X ¢t -X
W_zNO g [C‘” T_—et?;'-'ﬂ' —C‘“(Lll‘i?zz)i—)fz—i 1)] cos b,
(5.5a)

c(l) t(1+ Z.X)e

X
e
b= | o g o ML Peqacoss.

(5.5b)

4687

The unknown C{" can be determined by the boundary
condition (2. 11), i.e., the displacement current pro-
duced by Eq. (5.5b) is equal to the displacement cur-
rent produced by Eq. (3.5) at » =a or X =0, giving

_ € . 1+£ ay H1 =389
R M L ey

Hence, with #{*’ and ¥’ known in the inner region, we
can determmej(z’ from Eq. (5.1),

i2yx, 0) —szoa{C‘”X=F o [P +t(1 2t)C“’]} cos 6

¥ % cos 9[690X2+2X(P“) ot CV % 11220;)

- 24¢,In(l£8)7 ——(P(”eoic(”)iIZe t], X—

(5.7)
These normal currents j (X, §) will induce a potential and
diffusion cloud ® and #? in the outer region. The po-
tential to second order in the outer region can be shown
to be

II)N ¢(0)+<§>¢(1) +<_£6;>a¢(2)

3 2 3
r_1 8 m 5) (z)} ae
=l _ -, 2 hl 0 6. .
[ a3 2 + p P4 p P p coSs (5 8)
The ionic densities are
b 0
ny~ a—n*‘”+<;) n®
aze'x("“) (1 + )\7)[ (1) i} (2):]
—5N0—'7r— 1ia C +;C . (5.9)

Next, using Eqs. (5.8) and (5.9) we can show that the
outer radial currents at the surface of the particle are

o
jar~ DN, coS 9{& - [3eoX+2PW ey 2c Va]

x(g)z 6eoX + 6X(PWeg+ CMas Lo 2
a 0 8 1+2a

-2P® g % zc‘z’a]}, y-a. (5. 10)

Matching Eq. (5.10) with the inner solution obtainable
from Eqgs. (5.7) and (4.9):

. o 5\ .
Jux™ ( )J&’+<a) i%,

we deduce that

(5.11)

PP s C®Pa=12,In(11¢) + % [PWei+ CV)7 6oyt

zwa 1

=0 TR —[CcPstz2)Cc?] .

(5.12)
From the above, we can determine P’ and ¢ @,
Hence, in the outer region, we determined P as de-
fined in Eq. (4.1) to second order, giving

p~_ 1 (g) 6t
2 " \a/1-F

2
+<9) [— %-Dﬂs';-az+61n(1 -7~

) 45 w2 ()

(5.13)
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We note that P*?’ and hence P now has an out of phase
term., The first out of phase term in Eq. (5.13) can

be associated with the Maxwell-Wagner effect, 3 which
is usually smalil.® Since 1/¢ is complex, the second
out of phase term is magnified by #3/(1 - ¢*)? which can
be large when |l =1 or ¥4l > 1.

We have gone through the analysis with D,# D_ and
the result for P is

.1 (8\ 6t D.-D,
P _2+(a/1-tz(t+ D, )

6V 3iwe, , 12
+(a) {-— 2D, ¢ a +Ds (D, 1n(1+¢)+D_1In(1 = 1))
_ 24¢% {t(t D_-D.) w,p_(l-a)
a-22\'"* "o, /)" D? o

D_-D, D_-D,
+1+¢ D, ]+6t D, },

(5.14)

where D,=D,+D_. In the above, @ is as defined in Eq.
(4.186), but in Eq. (5.14)

wh,

DD (5.14a)

A=(1-14)
We note that if D, or D_ equals zero, A—~=, or from Eq.
(4.16), a—-=. In this case, the complex terms, other
than the Maxwell-Wagner term, vanish in Eq. (5.14),
and the dielectric enhancement disappears. Hence, in
a simpler jellium model of immobile coions and free
moving counterions, the enhancement disappears. To
be more explicit in the double layer, the population of
coions are negligible particularly for large ¥,. Since
we are interested in the polarization of double layer,
the dominance of counter-ions in the double layer may
suggest wrongly that a simpler model could be used.
In this simpler model the coions would be distributed
in a continuum or a jellium immobile background and
counter-ions would respond to the external field. How-
ever, our results show that for the enhancement we
need both the ions to be mobile. In Schwarz’s model,
co ions are completely neglected but the enhancement
comes from the neglect of normal current in the double
layer.

From Maxwell’s mixing formula, ? the effective
complex dielectric constant of an ensemble of spherical
particles randomly distributed in a background medium
of € is given by

€,2€(1+3fP), 70,

where f is the fractional volume of the particles. For
a conducting background medium,

(5. 15)

€=¢€'+(io/w) . (5.16)
For an ionic solution, the conductivity can be written as
o=€'(D/8% . (5.17)

We can show from Egs. (5.13) and (5.15) that when
t-1, w-90,

€, =Rele,)~ 36f'[t3/(1 -3 . (5.18)

Hence the dielectric constant is-greatly enhanced at low
frequencies.

Inner Region Outer Region

1{;‘0} - ‘1}(01

1) » (1) (1)
— ]tx ] L
l!l”),“(i_) -

i(H

el ¥}

(2 - o 02) 12)
Ii’x -y M4

FIG. 3. The sequence showing the derivation of the potential
in the outer region ¥, This potential gives the induced dipole
moment P‘2) which is responsible for enhancement. Because
of the coordinate stretching, terms of different order are con-
nected to each other in the inner region.

A point is in order concerning the range of validity
of the solution (5.13). The perturbation series in Eq.
{(5.13) will be a good approximation only if (6/a)[¢t?/
(1-t)]«< 1. When

¥,>> 1, t=tanh¥y/4—1-2exp(-y,/2)
and we require

(6/a)e¥0’ 2 1 (5.19)

for the convergence of the perturbation series (5.13).
This is a stronger condition than 8/a< 1, It seems that
Fixman® has anticipated such a small parameter.

VI. DISCUSSION OF THE DERIVATION

Although the expressions for the perturbed quantities
are long, only one term in each expression leads to the
enhancement in ¢/. The enhancement comes from the
last term 24t%/(1 —t*)?a in Eq. (5.13). The complex
nature comes from o being complex and the denomina-
tor is small, since £t~ 1. This term in Eq. (5.13) can
be traced back to the last term in the expression (5.5a)
for nf"’, This term in Eq. {5.5a) corresponds to de-
parture from equilibrium, as discussed below. Then
in Eq. (5.2) for j{’, only term which is important is
an{ /86, and similarly in Eq. (5.1) for j!2 only term

that is important is j{’.

We discuss the physical significance of the mathema-
tical terms below. Figure 3 shows the mathcing se-
quences between the inner and the outer solutions. It
also shows how certain terms induce other terms in
this perturbative derivation. First, we note that the
zeroth order potential $‘°’, which exists both in the
inner and the outer regions, drives a circumferential
current jf;), which is greatly enhanced for one type of
ions in the inner region. This is because j{9’ arises
from a conduction process. Since the conductivities of
the ions are proportional to the ionic populations, the
conductivity for the counterions is greatly enhanced
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[see Eq. (4.4)]. This inequality in the circumferential
currents induces unequal normal currents j$}’ leaving
the double layer [see Eq. (4.9)]. This imbalance in
normal currents cannot be taken up by the conduction
process alone, since the conduction currents are equal
and opposite. Therefore, a diffusion cloud is set up in
the outer region, given by n{"’. The potential which
drives the normal conduction current j§§’ is V. The
equation for the potential is Laplacian, because of the
charge neutrality, '’ =n!", in the far zone. Thus y‘V
essentially comes from the enhancement of the counterion
conductivity in the double layer. So far the results are
similar to those of O’Konski’s model.® In the

O’Konski’s model, the particle has a surface conduc-
tance, the potential obeys Laplace’s equation, and dif-
fusion currents are neglected. This model fails to pre-
dict dielectric enhancement, since $‘ is pure real.

The key ingredient for the enhancement—the diffusion
cloud—is missing from O’Konski’s model. The impor-
tance of the diffusion cloud has also been noted by

Dukhin and Shilov, ”® and by Fixman.? Next consider

how the charge distribution in the double layer is modi-
fied by the diffusion cloud.

The existence of the diffusion cloud in the outer re-
gion, in which the density varies much slowly with dis-
tance than in the double layer, alters the ambient ionic
densities in the outer region. The counterions and
coions in the double layer match with the ambient den-
sity as X—-«», j.,e.,

(6.1)

in the absence of electric field. When the electric field
is applied, the alteration of this ambient density from
No to Ny+n? in the outer region changes the structure
of the ionic density in the inner region. This effect is
reflected in the last term in Eq. (5.5a), N®(Xx)c%a

X cos €, which grows rapidly as N*“”(X) within the double
layer. However, the perturbed charges »f! in the
double layer can only be held in their places by the po-
larization charges induced by ${%, inside the particle
(see Fig. 2). In other words, n{" —n¥ integrated over
the thickness of the double layer should be equal to the
polarization charges inside the sphere. Hence, the first
two terms in Eq. (5.5a) are necessary to maintain this
charge balance. Equation (5.6) states that the total per-
turbed charges in the double layer equals the polariza-
tion charges inside the sphere.

NO®~N,, when X~ ,

Next we discuss why only the last two terms in Egs.
(5.5a) and (5.5b) are important as discussed above. An
ensemble of ions in statistical equilibrium satisfies the
Boltzmann distribution,

N*+n*=Noe‘*("""’ , (6. 2a)
which implies
n~FNY . (6. 2b)

We notice that the first two terms in Eqs. (5.5a) and
(5.5b) are in statistical equilibrium, i.e., they satisfy
Eq. (6.2b). In passing, we should mention that Fix-
man® has defined a velocity potential p, = (n,/N, £ ).
From Egs. (5.5a) and (5.5b), we find that p, is a con-
stant across the double layer. This confirms his sup-
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position that tangential gradient of p is constant across
the thin double layer.

In summary, n{" in the inner region is a “spill over”
effect from ni" in the outer region, which in turn come
from §{9 viaj¥’. We can say that nf"’ are all due to the
enhancement of {9 in the double layer because of the
enhancement of the counterion population.

Next consider the second-order current j&' and the
terms that give rise to the out-of-phase dipole moment.
The terms in statistical equilibrium do not give rise to
a total current, the diffusion current cancels the con-
duction current., The last terms of Egs. (5.5a) and
(5.5b) are not in statistical equilibrium with each other,
i.e., they do not satisfy Eq. (6.2b). These two terms
give rise to j{}’ [see Eq. (5.2)]. Due to the enhance-
ment of n{!’ in the double layer, j{3’ is much larger in
the double layer than outside the double layer for the
counter-ions. This gives rise to j!¥ in accordance
with the continuity Eq. (5.1). The term proportional
to j{1’ is the most important term in Eq. (5.1). The
first term on the right-hand side of Eq. (5.1) accounts
for the Maxwell-Wagner effect, and the other terms
are corrections due to the curvature of the sphere.
Thus, j& is derived from 2{'’, ¥, and j§ in the
double layer, as indicated in Fig. 3. However, due to
the fact that n{"’ has an out-of-phase term with the ap-
plied field, j{ has an out-of-phase term. Hence §‘®
or P® has an out-of-phase term, which enhances the

displacement current in the system.

The ratio of the radial component of the diffusion cur-
rent to the value of the diffusion cloud in the matching
region between the inner and outer regions is propor-

tional to 2,2
l+ra+ M) 2

. (amfV/8 2( 2
wp - -2 e
*

(1+2a)

(6.3)

Since « is complex, the diffusion cloud near the double
layer always has an out-of-phase term compared to the
radial diffusion currents. The radial diffusion currents
are in phase with the applied electric field since it is
caused by j{2. Hence, n{!’ are out-of-phase with the

applied field.

The above description follows the mathematical deri-
vation which is an iterative scheme to derive the per-
turbation series. We like to summarize the result in
a more physical perspective, explaining the source of
the out-of-phase dipole moment. In summary, the ex-
istence of the double layer greatly enhances the counter-
ion current in the double layer region in the presence
of an externally applied field. This strong counter-ion
ion current piles up charges at the polar ends of the
particle, which discharge into the bulk solution through
a diffusion process in addition to a conduction process.
At low frequencies, a large diffusion cloud of size 1!
=V2D/w is set up. The diffusion current in the diffu-
sion cloud is out of phase with the applied field. This
out-of-phase diffusion current has a “back-up” effect
on the circumferential current in the double layer,
causing the circumferential current to be out-of-phase.
Hence, the charges piled up at the ends of the sphere
have an out-of-phase component, giving rise to the out-
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Fractional Volume = 30%

Theory
——----- Experimental

\PO = 3.85 .
D+ =0 =2x10 7 cm"/sec
€ = =

w 80 60, ep 360
d/a = 1/60, a = 0.094u

N = 208 x 1025 m73

0.1

10 100 1000
Frequency in kHz

FIG. 4. The comparison of theroetical and experimental val-
ues of the real and imaginary parts of the dielectric constant
of polystyrene particles suspended in electrolyte solution.

of-phase dipole moment. On the other hand, when the
frequencies are high, the rapid oscillation of circum-
ferential current in the double layer does not allow the
buildup of a large diffusion cloud outside the double
layer. In fact, the diffusion cloud is smaller both in
extent, and in amplitude. Hence the out-of-phase com-
ponent of the circumferential current in the double layer
is small, resulting in little or no enhancement.

V. DISCUSSION OF THE RESULTS

In this section we compare our theory with experi-
ment. The limitations of the present model and analysis
are pointed out and possible remedies are suggested.
Brief comments on other theories are also made.

In Fig. 4 we compare our theory with the experimen-~
tal data of Schwan et al.! We use the experimental vai-
ues of €’ =80¢, (¢, is the dielectric constant of vacuum),

Np=2.08X10% m™ |
a=0.094 pm , 6/a=1/60,
D,=D.=2.0x10"%cm™%s, f=30%.

The diffusion coefficients are typical of NaCl solution.?
The only quantity that was not measured is ¥,. Taking ¥,
=3.85, for an agreement with the static value of €/, we
find excellent agreement with experiment over three
decades in frequency. This surface potential corre-
sponds to a surface charge density which is three times
smaller than that used by Fixman.® The inequality

6 <aexp(— | ¥yl /2) is satisfied. In Fig. 4, we also plot
the imaginary part of € after subtracting the dc contri-~

7
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bution, i.e., €'’ =[o,(w) -0,(0)]/w.

Our analysis gives a broad frequency dependence which
closely resembles the experiment. This dependence on
w is much broader than the frequency dependence of
Debye equation,

€~1/1 -jwr , (7.1)

where T is a characteristic time. Previously, Schwarz!
attempted to fit the experiment of Schwan® by introducing
a distribution of 7. In our study we find

1
€~ ]
1+vV = 2iwr —iwr

where T=a?/2D. Equation (7.2) has a more gradual
transition. This essentially is due to the fact that Eq.
(7.1) corresponds to a one-dimensional diffusion pro-
cess, whereas Eq. (7.2) corresponds to a compli-
cated diffisuion process. In Schwarz’s model where
Eq. (7.1) ensues, the diffusion process is purely cir-
cumferential. This broader than Debye frequency depen-
dence has been seen in many other experiments and are
usually fitted to an empirical formula given by Cole and
Cole' €~1/[1 - (fwr)*], where a is a constant. As far
as we know, this is the first time we found a real
physical explanation for such a broader than Debye type
behavior. Furthermore, Eq. (7.2) has a form different
than the usual Cole—-Cole'® form, although they resemble
each other at low frequencies.

(7.2)

The dependence of T on the size of the particle is in
agreement with the experimental results of Schwan et
al.! Schwarz’s? theory gives T=2D,/a®, where D, is the
surface diffusion coefficient of the charges (that cannot
leave the surface). In other words, Schwarz’s T is the
time needed for the charges to diffuse along the surface
over the size of the particle. In our calculation D is
the bulk diffusion coefficient.

For a fixed value of ¥, the static (wr << 1) value of
€, is independent of the radius of the particle a. The
experimental data shows that the static value of €, varies
linearly with a. The numerical solution of Delacey and
White!! also shows that €. depends on a. This can be
due to the following reasons. First, our analysis breaks
down when the inequality 6 << at?/(1 - %) does not hold.
It is possible that when this inequality is not satisfied,
€(w=0) varies greatly with particle size, but €(w=0)
saturates to a size-independent value in the regime
where it holds. We are currently studying this conjec-
ture numerically as well as analytically. Our prelimi-
nary numerical results still show an enhancement when
the inequality is not satisfied. Fixman’s® result also
shows that €. is independent of size for a > 6 exp(¥,/2),
but depends on size when this inequality does not hold.

Second, in the experiments of Schwan ¥, was not mea-
sured independently. If, indeed, the charge density in
the material (polystyrene) were constant, the total
charge @ and hence ¥, would have changed with the
radius a. From the unperturbed solution, it is easy

to show that the surface charge density is given by'®
eZ,=2ebN,e¥? . (7.3)

Combining Eq. (6.1) with Eq. (5.17) gives
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RN
ew=0)~Ff —L—

. 7.4
ks T N, (7.4)

This should be compared with Schwarz’s result

Zoeza

’aT (7.5)

€J(Schwarz)~%f
If the bulk charge density rather than the surface charge
density £, were held constant our and Schwarz’s theory
would both give €,(w=0)~ a®. More experiments are
needed to verify this prediction. The 1/T dependence
in Eq. (7.4) agrees with experiment. »*

There is a great difference between our and Schwarz’s
mechanisms for enhancement. Schwarz’s model is es-
sentially an amplification of the Maxwell-Wagner effect.
The Maxwell-Wagner effect is due to the polarization
charges inside the spherical particle. These polariza-
tion charges attract ionic charges on the outside of the
spherical particle. The polarization charges are in
phase with the applied electric field, but the conduction
current that feeds the ionic charges outside the particle
is out of phase with the applied field, enhancing the dis-
placement current around the particle. In Schwarz’s
model, the polarization charges are augmented by double
layer charges, with a much higher density, and like the
polarization charges, do not exchange with the conduc-
tion current outside. This large amount of double layer
charges augments the polarization charges, and makes

the enhancement clearly noticeable. Like Maxwell—
Wagner effect, the Schwarz’s effect does not involve a
diffusion cloud outside the particle. However, in our
model the enhancement depends on the presence of a
diffusion cloud outside the particle. The diffusion cloud
in turn, arises from the enhanced population of the
counter-ions in the double layer, giving rise to predomi-
nately counter-ionic normal current, which cannot be
convected away from the double layer by a conduction
process alone. This diffusion cloud carries diffusion
currents circumferentially as well as radially, and is
out of phase with the applied field in general. The dif-
fusion cloud greatly enhances the perturbed counterion
density in the double layer which increases the circum-
ferential diffusion current in the double layer. This
out-of-phase diffusion current in the double layer in-
duces an out-of-phase dipole field outside the particle
which is responsible for the enhancement. At high fre-
quencies, the diffusion cloud does not have the chance
to build up in amplitude and in size. The amplitude of
the cloud is proportional to 1/a. Hence, at high fre-
quencies, it disappears and there is no dielectric en-
hancement.

In the limit when £~ 1, Eq. (5.17) gives €.~
~(9/4)¢'fe¥o, This is in agreement with Dukhin and
Shilov’s” and Fixman’s® result in the similar limit.
However, the analysis of Dukhin and Shilov is different
from ours. They invoke a complicated effective bound-
ary condition, which is obtained by heuristic arguments.
They use 8/a<< 1 condition, but do not use a systematic
perturbation analysis. Our perturbative approach, which
provides correctly an asymptotic expression for the di-
pole moment P up to order 5%/a?, offers clearer insight.
Our asymptotic series for P is a new result and is not
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derivable from Dukhin and Shilov’s result. Their
heuristic derivation gives rise to enhancement but the
physical mechanism of the problem is obscured in the
effective boundary condition.

We have neglected, as Schwarz and Fixman, the sol-
vent flow and the motion of the charged particles. The
motionof the particles cannot be essential for dielectric
enhancement, because, many rocks containing immo-
bile clay particles show this enhancement.!® Second,

a rough estimate’ shows that the drift velocity of par-
ticle is lower than the ionic velocity by an order of
magnitude. The solvent flow can be important and will
be considered elsewhere.?

The present paper employs the Guoy-~Chapman model.
It is well known that in many circumstances this model
is inadequate, and the Stern model is more appropriat:e.1
In the Stern model, the layer adjacent to the solid sur-
face is strongly bound and the rest of the interface is
diffuse, as in the Guoy—Chapman model. In these cases
Schwarz’s model resembles the reality more closely.
The present paper treats the currents normal to the sur-
face correctly but Schwarz neglects them altogether.

We have shown elsewhere that inclusion of conduction
currents can reduce Schwarz’s enhancement.'® But the
conduction current is subtly balanced by diffusion cur-
rent. The diffusion currents cannot be treated properly
in Schwarz’s or Schurr’s thin double layer model. A
correct description of polarization for Stern type model
will be valuable.

2

Equation (5.15) holds only as f -~ 0, but we and all
other previous investigators have used it for f =0.3.
Since the enhancement depends on the presence of the
diffusion cloud, the large size of the diffusion cloud
makes the interaction between particles important
whereas the mixing formula used in Eq. (5.15) has
ignored this interaction. We are currently investigating
the effect of interaction between the particles. Else-
where we have developed methods to go beyond the low
concentration limit for the case §=0. Extending these
to 6# 0 is being investigated.

Finally, analytical results beyond the regime of
validity of our results will be very useful.
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APPENDIX A: RIGOROUS SOLUTION FOR (58/a)°
CASE

We present here a more rigorous derivation of the
result of Sec. III. With the gradient operator approxi-
mated by Eq. (4.3) in the inner region, we can show
from Eq. (2.4) that

C 8\ 5\, 5\ 6°
() s (0) 0 ) 0(8) a0
Since j, has to be bounded, as 6/a~0, it follows that

i =0, anx . (A2)

By collecting terms of the same order in Eq. (2.4), it
follows that
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=

(A3)
The above differential equation is easily integrated after
multiplying it by an integrating factor exp(x ¥‘*’):

ji;(l)(x):0=%[_ 3”_*(0);(1\,(0) zp“”+n*‘°’

n® == NP +cVFCy) (a4)

where C{’} are integration constants.

to satisfy Poisson’s equation (2.7).
Laplacian operator by
1 9 )

T a0 (45)

The potential has
Approximating the

vé~

we find that

1
E_N— (nio) _nfO)) .
0

Substituting Eq. (A4) into Eq. (A6) with N given by
Eq. (4.5), gives

P =- (46)

82
ot VO =cosh ¥ P @@ +C) +CFV sinh ¥ L (A7)

The above differential equation can be solved exactly,
giving

yO c® (1-1)e™* +C —c® tH1+2X)e™

1-FeX 1-2eX (48)

We have rejected exponentially growing solutions in Eq.
(A8). Combining Eq. (A8) with Eq. (A4) gives

of ~o 1=£)e™ (o,<t(1+2X)e )]
= o Fomfar o ()]
(a9)
The zeroth order potential in the interior region is

given by
Pint™ ¢fg{=B(°’rcos9 (r<a) . (A10)

The continuity of displacement current at the surface
of the particle implies that

1
B(O) COSG € E'BX lp“”lx,o . (All)

The above equation cannot be satisfied when 6 - 0.
Hence,

inp“"lxm:o, 6-0, (a12)
or
2
c“”(——gllft) c“”——z—a—t((ll t3;) 0. (A13)

(0)

The outer solution for »n," is derived similar to Eq.

(4.12) of the main text, i.e.,
X
n~n® =N, C® & exp[ - A - “”(“ ") cos 6 .(Al4)
7t 1+M
Since by the matching criterion,
hmnﬂu.'"hmnig,’, , (A15)

we deduce that

CPacosb=C . {(A16)

. D 8
weo-2[- %
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The potential in the outer region is easily derived to be

b~39 =G /y?) a® cos 6 —e,rcos b (A17)

and by using the matching criterion on Eqs. {A8) and
(A17), we have

[—eq+C{¥lacos=C . (A18)

The radial current due to #{” and @ in the outer re-
gion can be derived similar to Eq. (4.14). The normal
current of the outer solution when » - a can be derived
similar to Eq. (4.15) giving

jar~ i~ 2 DN cos 8[26{V +e,+CM @], r—~a .(A19)

By the matching criterion,

hm](D),. ‘:x)zo . (AZO)
Hence

200 +eqx CPa=0 . (A21)
The above is only possible if

C®=0, C®=1e, . (A22)

From Eqs. (A18), (A16), and (A13), we deduce that
C{®=—-3egacosb, CP°=
c¥=0. {(A23)

These results are the same as the simple result of
Sec. III.

APPENDIX B: DERIVATION OF EQS. (5.5)

In this Appendix, we derive the solutions (5. 5a) and
(5.5b). The derivation is very similar to the result of
Appendix A.

Using the approximation for the divergence operator
in Eq. (4.6), the continuity Eq. (2.6), and the fact from
Eq. (A2) that i =0, we can show that

KT
ox )X 0. (B1)
Since j (X =0)=0, by the boundary condition, we have

i9x)=0, allX . (B2)

From Sec. III, and Appendix A, we know that n{® =0,
and 8/8X 9" =0 in the inner region. Using this fact, we
deduce that

”*(N“” P 4 8_‘;{_\1,(0)>] . (B3)

:>. ¢
=0 .

The above diffential equation is identical to Eq. (A3) in

Appendix A. Furthermore, the potential has to satisfy
Laplace’s equation, i.e.,
az
P = - [nu) M (B4)
Hence,
2
35 V' =cosh ¥ P +CM) +CFVsinh ¥ . (B5)
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Equations (B3) and (B5) are identical to Eqs. (A3) and
(A7). Consequently, the expressions in Eqs. (5.5a) and
(5.5b) are similar to Eqs. (A8) and (A9).
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