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Abstract

In the solution of an integral equation using the Conjugate Gradient (CG)
method, the most expansive part is the matrix-vector multiplication, requir-
ing O(N?) floating point operations. The Fast Multipole Method (FMM)
reduced the operation to N, In this paper, we apply a multilevel algorithm
to this problem and show that the complexity of a matrix-vector multiplica-

tion is proportional to N(log(NN))?2.
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1. Introduction

Multilevel algorithms have been used to generate fast algorithms for
Fourier transforms [1] and inversion of matrices in finite element method
[2]. They usually involve nesting a smaller problem within a larger problem.
Recently, multilevel algorithms have been used to solve integral equations by
expediting matrix-vector multiplies [3-5] or by finding the inverse of the in-
tegral operator[6]. Interpolation multilevel algorithm has also been proposed
[7] although no numerical results have been shown. These algorithms could
invert an integral operator in less than O (IN?) operations [6] and expedite a
matrix-vector multiply to O (N log V) [3] or O (N) operations [5].

In this paper,* we will describe a multilevel algorithm for expediting
matrix-vector multiply in an iterative solution of boundary integral equation.
The algorithm has O (N(log N)?) complexity, and for very large problem,
O (Nlog N) complexity. This multilevel algorithm is used together with the
fast multipole method [8] to achieve the reduced computational complexity.
We call this the multilevel fast multipole algorithm (MLFMA).

2. Description of the Algorithm

A boundary integral equation for E, incident wave is

—ine (r) = —% Cdl'g (r,r) J(r'), reC. (1)

It can be discretized so that [9]

N N
Wi .
_¢inc (rj) — _TO Z Alg (rjari) J (rz) — Zg]zbza J = 17 2a o 7N (2)
i=1 =1
where in the two dimensional case,

gy = { Hy (kfr —xil), i,
7 1+ Z1n(0.163805kAl) i = j,

and b; is proportional to the unknown current. The above equation is of the
form b = A - x, and when solved iteratively using the conjugate gradient
method, the most costly part is the matrix-vector multiply A - x. which

involves N2 operations

* An abridged version of this paper will be presented at the APS/URSI Symposium in
Seattle, June 1994



To execute the matrix-vector multiply, we need to evaluate the summation
on the right hand of equation (2) for a given j is to compute the field at
point r; due to sources at 1 = 1,2,---,N, 1 # j. For E, polarized wave,
these sources can be considered as monopoles since their field can be written
as Vo (ko,r;i)b;, where v, (ko,r) = H." (kor)e™? is the cylindrical harmonics,
and b; is the harmonic amplitude.

In order to expedite the matrix-vector multiply, we need to first describe
a multilevel algorithm. First, we divide all the subscatterers into multilevel
groups. Assuming that there are N subscatterers where N = 2P, and p is an
integer. We first divide the N subscatterers into N/2 pairs. Then every two
successive pairs are grouped to form N/4 subgroups. This process is repeated
until the highest level (which contains two groups) is reached. As a result,
there are altogether log, NV — 1 levels.

At the lowest level, each scattering center is a monopole. By translation
of scattering centers, we can represent the field of several monopoles by that
of a single multipole. Since there are two monopole subscatterers in each
group, we can denote the monopole amplitudes in group [ as b;, + = 21 — 1, 2,
where [ = 1,...,N/2. Then the multipole amplitude b; for group [ can be
obtained using translation matrices, namely,

bl = Z Bubi

where by is a length Q vector, and B, is a Q x 1 matrix [10]. By so doing,
the scattering centers for each group have moved from r; for the monopole
subscatterers to r; for the multipole group.

This grouping process is shown in Figure 1. In this figure, each small cir-
cle stands for the scattering center of a group. The actual scattering center
of each group is located at the geometrical center of the subgroups contained
in the group. They are drawn in different places only for the purpose expla-

nation.
Now we can go through the process of aggregation and disaggregation.

The aggregation process is to compute the outgoing wave harmonic coeffi-
cients of each group in each level. Mathematically, the aggregation from the
n-th to the (n + 1)-th level is described as

bini1) = Z By ‘biwmy, =1, N/2", n=1,-log, N-1. (3)
N—— G SN~ -’
Quiixl €T QuiixQn Qux1

where 8, is a translation matrix [10] and where at the lowest level, b;;) =

bi,i = 1,---,N. Here, Gyn41) is a group consisting of two subgroups. In
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general, by, is for ¢ = 1,-- -, N/2"7' and Qn1 = 2Q,. Here, Q, is the
number of harmonics used to represent the multipole field of the aggregated
subscatterers at the n-th level. The number of harmonics roughly doubles at
each aggregation because the size of the subscatterers doubles.

For disaggregation, the inward going wave or harmonic amplitudes due
to all the other groups except the nearest-neighbor groups are computed for
each group. Denoting the inward going harmonic amplitudes by the vector
Si(n), it can be calculated recursively in a nested manner as

Sin) = Z a; byt By - Semy (4)
Qnx1 WCI1(n) QnXQn Qnx1l  QnXQnti Qpi1x1

where @; and B3;, are translation matrices [10]. Sy(,1) contains the incoming
wave from all the other subscatterers except for those belonging to by 1(n41)
and by_i(,41) which are the nearest neighbors to Sy(,1) at the (n 4 1)-th
level. gi») are groups at the n-th level that are contained in the groups of
b, . (1) but they are not the nearest neighbors of the group of S;).

After disaggregation, i.e., when S;), ¢ =1,2,---, N are known at the

lowest level, we can then compute the summation on the right hand of Equa-

tion (2) as
N j+1
Zgjibi = Si1) + Z 9jibi
=1 1=j—1

The second term on the right hand side of the above accounts for self and
nearest neighbor contributions.

It is seen that at level n, we have N/2" subgroups, to compute the aggre-
gated multipole amplitude of each subgroup. The matrix-vector multiplies
require operation count of Q,Q,_1 < Q? =~ 2> at each level. The total
operations is

p—1

> %22" = N(2" — 1) ~ N?

n=1
where p = log, N is proportional to the number of levels present. Hence, the
above method is still an O (N?) algorithm.

However, the translation operation is a convolution because the (n,m)
element of the matrices @ or B depends only on n —m. Thus a@-bor 8-b
can be computed use FFT in Q, log @, instead of Q. This results in the

total operation count of N(log N)2. Alternatively, this can be viewed as the

diagonalization of the @ and @ matrices as presented in the next section.
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3. Diagonalization of the Matrices
To further reduce the computational complexity, the translation matrices

« and B need to be diagonalized in the manner suggested by [8] and also
described in [11].

To diagonalize (3), we notice that

I:Bli}m’n’ = Ju -t (kpui) e Um' —n)eu

27
_ L7 et costat o) itm! n') (e 5) (5)
2w J,
Therefore,
Ly = [Byi - bitm
1 277 ; : ! ™ N’ oy ) ™
- L [ daemetessgn e $) 3 D) [
n!'——N'
1 27 ., . ) -
- = doe’™ (afg)ezkpu cos(a+¢li)bi(n) (O() (6)
2w J,
where we have defined
o~ N’ .
b (@) = > e ™8 by (7)
n'=—N!'

and 2N'+1 = Q,, in (3). In the above, gi(n) () is the Fourier series transform
of [bi(n)}n, and [bi(n)}n, is a finite bandwidth signal. Because of this, we can

express (7) in its inverse Fourier series transform to obtain

1 27

(i), = 27 J, dae™ (= 5)by,) (a) . (8)
Consequently, (3) becomes
Zl(n—}-l) (O[) — Z eik/’li cos(a+¢li)gi(n) (OC) (9)
1€G(n1)

where etkriicos(e+dii) s the diagonalized form of B in the transformed space,
and the matrix-vector multiply is easily carried out in the transformed space.

5



To diagonalize (4), we note that it can be written as

[Sz(n):| n Z Z [ail]nrmr [bl(n):| m! Wn’—m’ + Z [Eil’}n’m’ [Sl’(n+1):|m/ .

1E€g;(n) M'=—00
(10)
Wi _me 18 @ window function that truncates the first infinite summation above,
which may diverge. In (10), —N' < n’ < N’ since [S;u)] , is a finite band-

width signal. Now, we let

NI
S (@) = Y e ™) 8], (11)
n'——N!
and
1 (2 L my~
[bl(n)]mf:g i da'e™ () (o). (12)

Next, we multiply (10) by e~ (*=%) and sum over n'. Then, the first infinite
summation on the right hand side of (10) becomes, after using (12), and
exchanging the order of integration and summation,

m N’ oo

1 T / —in'(a—Z im'(a'—Z) 1=
% ] do bl(n) (OC ) n’_ZN’ e ( 2) ml_zoo e ( 2) [ail’]n’m’ Wn’—m’
2w _ si 2N'+1 o
B / do'by (') = [ 2 (S_Cu ) vit (@) (13)
0 27 sm( 3 )
where
va ()= Y e #F) [@y), W, (14)
p=—0o0

In the above, we have made use of the fact that «;; is a Toeplitz matrix. In
Equation (3), the wave amplitude in the transformed space, Zl(n) (') is prop-
agated from center [ to center ¢ by v; (') and then smoothed by convolving

with sin (%a’) /sin (3a/) .

The second infinite summation in (10) can be simplified by a similar
manipulation. First, we let

1 27

[Stnn]) =57 | dele ™ DS (@) (15)



so that the infinite summation becomes

o N' oo

dalgl’(n+1) (al) Z efin’(a*%) Z e*im’(alfg) I:Bil’} nlm!

2w Jo
n'=—N' m'=—o0

sin [—2N2’+1 (a — oz')}
afoz’)
2

etkpur cos(a' +y1) (16)

2
= / dO/Sll(n_H) (O/)
0

27 sin (

Consequently, Equation (4) or (10) in the transformed space, can be written
as

Sitm) (@) =
sin (N;+1a) 7 ik r

; bitn + etkeu coslatdur) g, . 17
2sin (2) Y~ v (@) by (@) + € 1(nt1) (@) (17)

1€g1(n)

It should be noted in (7), that since [b,-(a)} ., is finite in bandwidth, gi(n) (a) is
uniquely specified by Q,, = 2N’ + 1 points. Since @,, is small when n is small
and @,, roughly doubles when one goes from a low level to that previous level,

the number of points in Zl(n) (a) on the left hand side of (9) is roughly two
times more than the number of points in Zi(n) (a) on the right hand side of

(9). Therefore, Zi(n) (a) needs to be interpolated to twice its sampling density
before it is multiplied by the propagator e**#:cos(atéa) This interpolation
can be done with an FFT requiring O (Q,, log Q,) operations. Similarly, the
convolution in (17) can be performed with O (Q,log Q,) operation. Since
there are log NV levels, the computational complexity is O (N (log N)?).

When the problem becomes very large, the interpolation needed in (9)
and the smoothing in (17) can be done with the nearest neighbor approxi-
mation, with O (Q,,) operations. In this case, the computational complexity
is O(Nlog N), when N — oo.

The above algorithm is derived for the electrical field integral equation
(EFIE). It can be easily extended to other kinds of integral equations. For
example, the combined field integral equation (CFIE) can be written as

N
> "1+ xity - V) HY (kolri — x5) bi + g;0; = ¢
=
where
cj =— (14 xn; - V;) ¢ (r;)
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g5 = 955 — 2ix/Al,

and y is a constant.
This equation can be converted to

N [ 0 . 1 g s [0

zkxn- zkxn-
E 'qbt(rji) . 1 — 9 J 0 + 9 J 0 bz + g;]b] = Cj-
1#£]

Comparing this equation with Equation (2), we found that in the combined
field integral equation, each subscatterer is a multipole of order one. As a
result, let bf(l) = (b;,0,0), (0,b;,0) and (0,0,b;) respectively. The fast algo-
rithm described above can still be used at a cost of increasing the operation

count by a factor of 2.5. The numerical results given in the next section are
obtained by applying the MLFMA to CFIE.

4. Numerical Results and Conclusions

In Figure 2, we show the current magnitude induced on a circular cylinder
of radius 2. The incident wave is a TM polarized wave of frequency 300 MH,
and the incident angle is ¢ = w. The agreement with closed form solution is
excellent. Figure 3 shows the scattered field of the same cylinder. Figure 4
shows the growth of the CPU time (on Workstation ) divided by the number
of iterations for solving different size problems. The solid line is for the
algorithm in this paper (MLFMA), the line with + is for direct computation
of A - b and the line with * is for the fast multipole method described in

[11]. The crossover between this algorithm and FMM is expected around

N = 65536.
In conclusion, we have developed a multilevel algorithm in two dimensions

with N (log N)? complexity. We also showed the possibility to reduce the
complexity to IV log N for very large problems.
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Figure 1 Multilevel groups.
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Figure 2 Induced current on a 2\ circular cylinder. Plane
wave is polarized in F, and is incident from €' = 0°. Fre-

quency=300 MHz.
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Figure 3 Induced current on a 2\ circular cylinder. Plane
wave is polarized in E, and is incident from 6* = 0°. Fre-
quency=300 MHz.
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Figure 4 CPU time per iteration vs number of unknowns.

11



