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The three-dimensional problem of a charged spherical particle immersed in an ionic solution is solved
asymptotically. The small parameter used is 6 /a, where § is the Debye screening distance and a the radius of
the particle. The solutions to the Poisson-Boltzmann equation are obtained inside the double layer and

outside the double layer. They are matched together asymptotically to obtain a solution whose error is of
order 5%/a* smaller than the expression kept. A uniform solution valid in all the regions is also obtained.

Comparison with numerical solution to the problem, which is usually tedious, shows excellent agreement.

In this paper, we obtain an approximate analytical ex-

pression for the potential outside a spherical particle,
with a fixed potential (or fixed charge) immersed in an
electrolyte, in the thin double layer approximations—
6 << a, where § is the double layer thickness and a the
radius of the particle. The results agree extremely
well with numerical results!*? up to 6 Sa. The results
are given up to zeroth and first orders in (5/a), but the
general method of matched asymptotic expansions de-
scribed here can easily be extended to higher orders.
The solution of Poisson-Boltzmann equation in the ab-
sence of an electric field is an essential prerequisite
for studying many interesting physical phenomena such
as electrophoretic mobility** etectroviscous ef-
fects, >4~® dielectric response,”™® a host of electroki-
netic effects!?'!! electrical conductivity, *'** to name a
few. Simple approximate solutions such as linearized
solution are known to be not adequate for these calcula-
tions. 12

The Poisson-Boltzmann equation can be solved exact-
1y in one dimension® and two dimensions for cylindrical
rods.! Due to its importance, this equation has re-
ceived much attention. The equation for a sphere has
been solved numerically. !~ %"~18 L inearized analytical
solution has been obtained by Debye-Hickel.* An im-
plicit iterative solution expressing » as a function of the
potential & has been obtained by Parlange.!”!® Abra-
ham-Shrauner'® has obtained higher order solution, but
it is only valid inside the double layer. Sigal and
Semenikhin®’ have obtained analytical solution through a
different scheme of successive approximations. The
differential equation becomes very complicated at the
higher approximations, and it is not clear how the high-
er-order solutions can be easily obtained. Qur analytic
result, using the method of matched asymptotic expan-
sions, ¥ is systematic, and can be extended to finding

higher order solution easily. A uniformly valid solution,

valid both inside and outside the double layer, and
where & is given explicitly in terms of » is presented.
The Poisson-Boltzmann equation to be solved is

vie=- SN -N) . &),
Here € is the dielectric constant of the electrolyte, and
N, and N, the positive and negative ion density in the

solution, which are related to the potential by the Boltz-
mann distribution
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N, =Nye™®hsT | (2)

N, being the charge density far away from the particle.
Equation (1) can be rewritten in terms of a dimension-
less potential ¥ = (¢/k;T)® as

Vz‘ll=glg' sinh ¥ , (3)
where 6%=€kpT/(e%2N,) is the screening distance. The
boundary condition being ¥ =¥; at » =a, the surface of
the sphere and ¥~ 0 as y -,

Sherwood? claimed that the boundary layer thickness
is of the order of 5¢™¥9/2, therefore a matching region
does not exist when ¥, is large. However, if we take
the inner region to be of thickness 6, we can obtain
matched asymptotic expansions® to the problem. Tak-
ing (6/a) as the small parameter, and using the approx-
imation

T~ (5/a)p P, .- (4)
in Eq. (3) gives

18 5,8 oo o)

po Jvnl o [T (6/a)F +...]

= gﬁ sinh[ ¥ 4 (6/a) ¥V +...] . (5)

First consider the inner region solution. By a coordi-

nate transformation
r=a+0x, 6x<a, (6)

we can stretch and emphasize the double layer zone.
Using Eq. (6) in Eq. (5) giving

1 a4 2 d o [0) g0 }
(35 a T (a+6x)8 dx) [‘p"‘“ "\a Yim +

5
= 315 sinh [\If‘f,,’,,+ (E) L ST ] . (7)

Collecting terms of the same power of 5 on both sides
gives

4 340 _sinh gD (8)
a@ inn = inn

in the double layer. The solution to Eq. (8) is well
known! and is given by

1rte” ) £ = tanh (¥,/4) . (9)

¥ Eh(x) =21n (W
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FIG, 1. Potential as a func-
tion of distance »/a (a being
the particle radius) for a high
zeta potential ¥;=10, The
extreme case of 6 =g is shown
here. The dashed line cor-
responds to the zeroth order
term in Eq. (16), while the
dotted line corresponds to the
full Eq. (16).
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In going from Eq. (8) to Eq. (9), the boundary condi-
tions that ¥'” and 8%‘®/ax tend to zero as x —~ « were
used. This amounts to assuming that ¥, a¥®’ /34 be-
come very small when one is sufficiently far from the
double layer region. One can still satisfy dx/a< 1
simultaneously with x large, since 6/a—~0. Next
collecting terms of order 1/6 in Eq. (7) gives

a? Ra (0 g (D a .o

d—xz ian — COSh(‘Ifum )\I’inn ==2 a ‘I’inn . (10)
Equation (10), with boundary conditions ¥{!) =0 at x=0
and x—= has a solution.

Yinlx) = (1__3;{22‘5 [2(1 —e™%) - 24] . (11)

Combining Eq. (9) and Eq. (11) gives

1+te">

Vo)~ U2 1 (8/a) L) =21"(1 By

62te
Y a(l- e ®)
Ag x -, Eq. (12) gives
Wiw~dte™* + (6/a) 2t(t2 - 2x) e* + O[(6/a)?] . (13)

This shows how the surface potential is screened by the

(t3(1 —e™%) - 2x] . (12)

charge cloud and ¥ decreases exponentially with dis-
tance. This helps us to obtain the outer solution.

Since the potential is exponentially small at large dis-
tance, we can obtain the outer solution by linearizing
sinh ¥~ ¥,

Ae-(r-a)/b

5
Yout () ~ Yout + (E) Yot == —— +

58 e-(r—l)/“

(14)
Expressing » in terms of the inner variable 6x = (» —a),
and comparing with Eq. (13) we find

A=4at,
B=28a. (15)

An asymptotic solution which is valid uniformly through-
out the inner and the outer region can be obtained by.
combining Eqs. (12) and (14). %

Y —-a B
‘I’unif ~ ‘Ignn(—s—) + \IIOII'(T) -4die (r-a)/8

_ 28t[t? - 2(r —a)/b]e" TP
a

+0(8%/a?) , (18)

where the last two terms are the limiting form of the
outer and inner solutions in the matching region, i.e.,
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lim, ¥ .~ 1lim  ¥,,.. One can easily verify that
i, Wy~ ¥y, and Hin, fy ¥ g™ Youte

For the fixed potential case, we can obtain the ex-
cess charge near the particle by using Gauss’s theorem
on Eq. (1) to give

Qox =€ f ¥.Vdds . an

Sa
Here S, is the surface of the sphere.

This should be equal and opposite to @,, the charge
in the particle, i.e., @, +@, =0, for over all charge
neutrality, Using Eq. (12) in Eq, (17) gives

Qox == 167a Nyeb [sinh%+ EM-SM]* 0(6%/a®). (18)

Thus a negative @, corresponds to a negative ¥,
This expression agrees with the expression for charge
given by Sigal and Semenikhin?® except that we give an
estimate of error in Eq. (18). Their procedure is dif-
ferent and their analytical solution has a form different
from our Eq. (16). The method of matched asymptotics
exploited here gives a control on the error, Sigal and
Semenikhin’s iterative scheme is not systematic. For
example, when 8/a<< 1, our zerothorder solution has the
correct (1/7)e” ©*% form in the outer region, but theirs
do not. Therefore, their zeroth order solution will com
pare poorly with the numerical solution, whereas our
zeroth order solution compares excellently with the nu-
merical solution in all regions even when 5~a, as shown
in Fig. 1.

Qur results correspond very closely to those obtained
by Sherwood. 2 Sherwood also has obtained ¥,,, to
order (5/a). Sherwood’s Eq. (2) is identical to our Eq.
(9) and his first equation defining p, on p. 612 of Ref, 2
is identical to our Eq. (11). He also linearized the outer
solution, just like us, However, he matched the inner
and outer solution for the case ¥y—«, while he could
have matched solutions for all ¥, quite easily, as we
have done here, This matching for arbitrary ¥, is
rather important, particularly if we compare ¥, given
by Eq. (16) with Fig. 3.1 of Ref, 1. The agreement with
numerical solution is remarkably well as shown in Fig,
1. From Eq. (16) we also find ¥(y—~)~ ¥, (a/7)

X exp|~(» -a)/5], where
Uyym =4t +26t%/a . (19)

Thus, at large distance the solution looks like a linear-
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ized solution except that ¥, has been replaced by ¥,,,..
We find as ¥,~0, {—¥,/4 giving the correct limiting
form ¥, ~¥,. When ¥y~e, -1, Eq. (23) gives

Viym=4+25/a ,

which agrees with Sherwood’s result, »? For small ¥,,
¥ is extremely accurate for 6~a. For large ¥,,
¥, Seems to be accurate to about 20% for 6~a. Our
result compares very well with the numerical result in
the table of Ref, 18,
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