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Many sensor network applications require the tracking and the surveillance of target objects. However, in

current research, many studies have assumed that a target object can be sufficiently monitored by a single

sensor. This assumption is invalid in some situations, especially, when the target object is so large that a

single sensor can only monitor a certain portion of it. In this case, several sensors are required to ensure a

360o coverage of the target. To minimize the amount of energy required to cover the target, the minimum

set of sensors should be identified. Centralized algorithms are not suitable for sensor applications. In

this paper, we describe our novel distributed algorithm for finding the minimum cover. Our algorithm

requires fewer messages than earlier mechanisms and we provide a formal proof of correctness and time

of convergence. We further demonstrate our performance improvement through extensive simulations.

I. I NTRODUCTION

Wireless sensor networks have caught lots of attentions in recent years. The main reason is that

people expect many applications which may be too dangerous or too costly to be done by human to

be performed by wireless sensor nodes easily. Examples of such applications include environmental

monitoring, industrial control, battlefield surveillance, home automation and security, health monitoring,

and asset tracking [1], [2]. Such applications require the sensor nodes to sense the environment and send

some up-to-date information back to the sink node either periodically or when they are triggered by some

events/when they have received requests from the sink node.

Among these applications, monitoring is the one which has caught the most attention. In monitoring

applications, small-sized battery-powered sensor nodes are deployed in a large scale. Each sensor node is

equipped with some sensing equipment, e.g., a video camera, which can be used to sense the environment

up to a certain sensing range and therefore the sensing function of each sensor can only cover a limited



physical area. Due to the limited sensing range, sensor nodes usually cooperate to achieve a certain

monitoring objective. The monitoring objective is usually transformed to a coverage problem, which can

be regarded as a measurement on quality of service (QoS) of how well the sensor network functions in

the physical world. There are two common monitoring objectives suggested and widely studied [3]. They

are area coverage and target coverage.

Area coverage refers to the cover of a certain target area, so that any changes within the target area can

be discovered immediately and an appropriate action can then be made on time. For instance, a sudden

increase of temperature in a monitored forest area may represent a possible fire. Lastly, target coverage

refers to the cover of one or more target objects within the area considered. For instance, in an art gallery,

several invaluable arts are monitored instead of the whole gallery.

In this paper, however, we are specifically interested in a scenario in which the perimeter of a large

target object is our main concern. One of the typical application scenario is to monitor360o of the white

house so as to ensure its security. Due to the limited battery power and possible overlapping of the sensing

functions of the sensors, we would only like to activate a minimum set of sensors which are possible to

cover the whole perimeter of the target object. This problem is very similar to the circle-cover problem

in a circular-arc graph in which a number of centralized algorithms have been proposed [4], [5], [6],

[7]. Unfortunately, all these proposed algorithms can not be directly applied in a wireless sensor network

scenario which is distributed in nature. Previously, we [8], [9] proposed a distributed algorithm to solve

this problem. The approach requires all the nodes passing through0o to initiate the search and thus the

overhead can be several multiples of the size of the minimum cover. In this paper, we further enhance

our distributed protocol so that it is possible to find a minimum set of sensors to cover the target object

within O(size of the minimum cover) number of messages. We also provide a formal proof of correctness

and convergence time of our proposed algorithm.

The paper is organized as follows. In Section II, we will briefly discuss the related work about the

coverage problems in wireless sensor networks and the circle-cover problems in circular-arc graphs. Then,

the perimeter coverage problem that we are focusing in will be discussed in Section III together with

some definitions. Afterwards, our proposed distributed protocol to solve the perimeter coverage problem

in wireless sensor networks will be discussed in details in Section IV together with a formal proof of
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correctness and time of convergence. Through extensive simulations, we show that our proposed algorithm

outperforms some earlier developed distributed minimum cover algorithms in Section V. Finally, we

conclude our scheme with some possible future work in Section VI.

II. RELATED WORK

In this section, we will briefly discuss the related work on the coverage problems in wireless sensor

networks and the related work on the centralized algorithms proposed for the circle-cover problems in

circular-arc graph.

As we have discussed before, there are two main kinds of coverage problems suggested and studied

in wireless sensor networks. They are area coverage and target coverage. Area coverage problem refers

to the cover of the whole target area by the sensors. There are a number of variations, including single

area coverage, multiple area coverage and fractional area coverage, etc. Single area coverage problem

generally refers to the problem of finding a minimum set of sensors which can cover all the points in

the area. A centralized algorithm to find a small-sized connected sensor cover is presented in [10], while

a localized algorithm for area coverage with no prior knowledge of neighbor existences and neighbor

location is presented in [11]. Caoet al. [12] considered the movement of the sensor so as to cover the

area which has not been covered by random distribution of the sensors.

The work suggested above only considers that every point within the target area should be covered by at

least one sensor. However, due to various reasons, a certain area may be required to be covered by multiple

sensors instead, e.g., some sensitive military area. This leads to thek-coverage problems suggested in

the literature. Huanget al. [13], [14] transformed the coverage problem to a decision problem so as to

determine whether the target area is covered by at leastk sensors. According to their approach, each

sensor can determine whether the area isk-covered by considering whether its perimeter isk-covered.

On the other hand, fractional coverage problem has also been considered in [15], [16]. In this problem,

it is generally not necessary to cover the whole target area. Instead, only a certain fraction of the target

area has to be covered by the sensors.

Target coverage problem refers to the cover of a certain target object or a number of target objects

within a certain area. Kar and Banerjee [17] studied the target coverage problem. They focused on the

3



node placement in order to ensure all the targets are covered. They assumed that the targets’ locations

are known beforehand and the node placement is deterministic. Their algorithm runs in a polynomial

time. Cardeiet al. [18], [19] studied the target coverage problem with the focus in energy-efficiency in

monitoring a set of target objects with known location. They assumed that the placement of the nodes

are ransom and they aimed at selecting a maximum number of disjoint sets of sensors in which every

set can cover all the target objects. By doing so, the network lifetime can be increased. They proved that

the disjoint set problem is NP complete and they tried to propose a centralized algorithm to solve this

problem. Other than that, Thaiet al. [20] have proposed aO(logN) distributed algorithm to solve the

target coverage problem.

In this paper, we are specifically interested in the angle/perimeter coverage problem. Unlike that of the

area coverage problem in which a certain target object area is of particular interest, we are interested in

whether the target object perimeter is360o covered by enough sensors. Unlike that of the target/point

coverage problem in which the target objects are small and can be covered by a single sensor near the

object’s vicinity, angle/perimeter coverage problem is focused on monitoring360o of a large target object

in which a sensor can only cover a certain angle range of the target object. In fact, the angle/perimeter

coverage problem is the same as finding the minimum circle-cover for circular-arc graph. Circular-arc

graph problems have been studied for quite a long time. Generally speaking, there are two main types

of algorithms for finding the minimum circle-cover for circular-arc graph — sequential and parallel

algorithms.

Lee and Lee [4] proposed an optimal sequential algorithm for finding the minimum circle-cover. They

formally proved that the time complexity for finding the minimum circle-cover isO(NlogN) if the arcs

are not sorted andO(N) if the arcs are sorted with the use of one processor. Since their algorithm achieves

a time complexity ofO(N) in the worst case when the arcs are sorted based on the start angle, it is optimal

in nature.

On the other hand, Bertossi [5] was known to be the first to propose a parallel algorithm to tackle

this problem. Basically, their algorithm tries to find an arci with end angleti which overlaps with

the minimum number of arcs. The algorithm achieves a time complexity ofO(logN) with the use of

O((N2/(logN) + qN) processors, whereq is the minimum set of arcs overlap in the graph. Ref. [6]
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and Ref. [7] proposed similar optimal parallel algorithm to tackle this problem. Generally speaking, their

approaches built upq trees with the use of successor and inverse successor relationship (in which successor

of an arci is the greedy clockwise neighbor ofi). The set of nodes with the minimum depth from the root

to leaf will be the MC. Both approaches achieve a time complexity ofO(logN). However, the algorithm

in [6] requiresO(N/logN) processors, while the one in [7] requiresO(N) processors. All the algorithms

discussed are centralized, so the processors are supposed to be able to access all the sorted arcs in the

graph.

All the algorithms discussed above find the minimum circle-cover of the circular-arc graphs without any

specific applications in mind. At the same time, all of them are centralized with one or more processors.

On the other hand, Watfa and Commuri [21], [22] proposed a distributed algorithm to find a reduced

set of nodes to cover the border of a rectangle. Instead of actively searching for the cover nodes, they

proposed an algorithm in which the nodes determined that their cover ranges are completely covered by

their neighbors will be declared to inactivate. Unfortunately, they did not provide the proof of correctness

and convergence of their algorithm.

To the best of our knowledge, we are the first to apply minimum circle-cover problem of circular-arc

graphs on the angle/perimeter coverage problem in wireless sensor networks. Previously, we have proposed

an optimal centralized algorithm to find the minimum number of visual sensor nodes which are necessary

to cover360o of the target object [8], [9]. Also, a distributed algorithm is proposed to tackle this problem

and this is also known to be the first distributed algorithm proposed. The proposed distributed algorithm

is similar to that of [5]. In our algorithm, every node passing through0o would find the smallest cover

that contains itself using the greedy clockwise neighbor selection approach. The minimum set will then

be selected as the minimum cover among the sensors. Unfortunately, a large message overheads in terms

of the number of messages are required. In this paper, we adopt another approach and provide the proof

of the correctness of our proposed algorithm. For comparison, we have adopted Lee and Lees’ sequential

algorithm [4] into a distributed environment which required the same number of messages as that of

our previously proposed algorithm in the worst case. Also, we implemented our previously proposed

distributed algorithm [8], [9] together with the algorithm described in this paper. These algorithms will

then be compared through both theoretical and simulation analysis.
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III. PROBLEM STATEMENT AND DEFINITIONS

We are considering a system in which the perimeter of a big target object has to be monitored. The

target object is surrounded by randomly distributed sensors. Each sensor can monitor only part of the

perimeter and each sensor can communicate to its neighbors only. We would like to identify a set of

sensors that can monitor the whole perimeter. To save energy, the number of sensors needed should be

minimized. Before we describe our distributed protocol, we define our problem in this section.

A. Cover Range and Cover

For the ease of discussion, we model the perimeter of an object as a circle and use[0◦, 360◦) to denote

the whole perimeter. A sensori can cover only part of the perimeter and we denote that as[si, ti]. [si, ti]

spans in the clockwise manner as illustrated in Figure 1. For a sensori that does not cover0◦, si < ti.

ti < si if i covers0◦. The cover range of two or more sensors will be the union of their ranges. Although

we model the perimeter as a circle, it is worth noting that our protocol works for any arbitrary shape

of perimeter as long as sensors can determine their cover ranges. How a sensor determines the range is

application dependent and it is outside the scope of this paper. Interested readers are referred to [23],

[24], [25].

Given a set of sensorS, a set of sensorD ⊆ S is a cover if for each angleγ ∈ [0o, 360o), there

exists a sensorj ∈ D such thatγ ∈ [sj, tj]. In other words,
⋃

i∈D[si, ti] = [0◦, 360◦). Figure 2 illustrates

a scenario of9 sensors surrounding a target object. Each arrow represents the cover range of a node. In

the figure, the sets{1, 3, 5, 7, 8}, {1, 2, 3, 5, 6, 9}, and{1, 3, 5, 7, 9} are all valid covers.

B. Minimum Cover

Minimum Cover (MC)is a set of sensors with the smallest size which preserves the entire cover range.

Formally, C is a minimum cover if|C| ≤ |D| for every coverD. In Figure 2, both{1, 3, 5, 7, 8} and

{1, 3, 5, 7, 9} are a minimum cover. Minimum cover is not necessarily unique. In the next section, we

will describe our protocol that allows a sensor to determine whether it is inside a minimum cover.

We defineminimum cover contains Sensori, denoted asMC(i), to be the smallest cover that contains

i. In other words,|MC(i)| ≤ |D| for every coverD wherei ∈ D. Obviously, there exists a sensori such
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thatMC(i) is also an MC. However, not everyMC(i) is a MC. For example, in Figure 2,MC(2) is {2,

3, 5, 6, 9, 1} and this is not a MC.

C. Backward and Forward Neighbors

Two nodes areneighborsif their cover ranges overlap. Formally,i and j are neighbors ifsi < sj < ti

or si < tj < ti
1. Each node can communicate directly with neighbors only. It is possible that[sj, tj]

completely contains[si, ti] like sensors 9 and 8 in Figure 2. When two sensors have overlapping cover

ranges and none of them is contained in the other, one of them is abackward neighborand the other

is a forward neighbor. i is a backward neighbor ofj and j is a forward neighbor ofi if si < sj < ti.

Refer to Figure 2, sensors2 and3 are forward neighbors of sensor1, while sensors9 and8 are backward

neighbors of sensor1.

A node may not necessarily have backward neighbor and/or forward neighbor. An example is shown

in Figure 3. Sensor 5 does not have a backward neighbor and Sensor 4 does not have a forward neighbor.

When this occurs, it means that some portion on the perimeter cannot be covered by any sensor.

D. Default Member

A sensor is adefault memberif it covers a portion of the perimeter that no other sensor is covering.

Formally, i is a default member if there exists a certain angleγ ∈ [si, ti] such thatγ 6∈ [sj, tj] for any

other sensorj. In this case,i must be in any cover andMC(i) must be a minimum cover.i can identify

whether it is a default member by checking whether there is any backward neighbor overlaps the sensing

range with a forward neighbor. For example, in Figure 2, Sensor 1 is a default member since none of its

backward neighbor’s cover range overlaps with the range of any forward neighbor. On the other hand,

Sensor 2 is not a default neighbor because the sensing range of its backward neighbor, Sensor 1, overlaps

with the one of its forward neighbor, Sensor 3.

1This applies when bothi and j do not cover0◦. The definition can be extended easily to ranges that cover0◦ but we leave it out for
the ease of discussion.
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IV. D ISTRIBUTED M INIMUM COVER (DMC)

A. Finding MC(i)

As mentioned before, ifi is a default member,MC(i) is a minimum cover. Even if there is no default

member, there must exist a sensori such thatMC(i) is a minimum cover. If we could identify this sensor

i, finding MC(i) would solve our problem. Therefore, we first describe how we can findMC(i) given i.

To find MC(i), we want to find the minimum set of sensors that cover the range[ti, si]. i knows its

neighbors and it adopts the greedy strategy that it selects one that covers as far as possible. Without loss

of generality, we assumei selects a forward neighbor and sensors are selected in the clockwise direction.

That is,i selectsj such thattj ≥ tk for all forward neighbork. We call the forward neighbor selected in

this manner thegreedy forward neighborand denote the greedy forward neighbor of nodei asGFN(i).

i informs its greedy forward neighborj that it is selected andj selects its own greedy forward neighbor.

The process ends when a selected node realizes thati is a forward neighbor. To facilitate this, the identity

of i has to be carried around in the selection process. Refer to the example in Figure 2, suppose that we

want to findMC(1). GFN(1) is 3 and so 1 informs 3 that it is selected. Sensor 3 selects 5 as it is the

greedy forward neighbor of 3. 5 selects 6 and 6 selects 9. As 1 is a forward neighbor of 9, 9 informs 1

and the searching process is finished.

It is worth noting that each selected node only knows which neighbors, one backward and one for-

ward, are also selected but no node, eveni, has the complete knowledge ofMC(i). Besides, only

selected node would send a message and so the message complexity isO(|MC(i)|), which is very

efficient. We now proof the correctness of the greedy strategy. We defineGFN2(i) to beGFN(GFN(i)),

which is the greedy forward neighbor of the greedy forward neighbor ofi. Similarly, GFNk(i) means

GFN(GFN(...(GFN(i)))) whereGFN is found for k times. For convenience, we labelGFN0(i) to

be i.

Lemma 1 {GFN j(i)|0 ≤ j ≤ k and GFNk(i) is a backward neighbor ofi} is an MC(i).

Proof: Suppose that given a certainMC(i), C = MC(i)\{i} and |C| = k. The cover ranges of the

sensors inC arranged in clockwise order are [σ1, τ1], ... , [σk, τk], whereτj < τj+1 for 1 ≤ j < k. We

further assume that the set of greedy forward neighbors selected isC ′ with |C ′| = k′. The cover ranges
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of the sensors inC ′ are [s1, t1], ... ,[sk′ , tk′]. To argue thatC ′ ∪ {i} is also anMC(i), we proofk = k′

by showingτj ≤ tj where1 ≤ j ≤ k′ using induction.

To simplify the notation, we label a sensor using the start angle of its cover range. That is,sj denotes

the sensor that covers[sj, tj]. Both σ1 and s1 are forward neighbors ofi. As s1 is the greedy forward

neighbor,τ1 ≤ t1. Assume it is true forj that τj ≤ tj. We now prove it is also true forj + 1.

If τj+1 ≤ tj, as tj < tj+1, we haveτj+1 ≤ tj+1. For tj < τj+1, by the assumption thatτj ≤ tj and

because[σj, τj] overlaps with[σj+1, τj+1] (σj+1 ≤ τj), it leads toσj+1 ≤ tj ≤ τj+1. This impliesσj+1 is

a forward neighbor ofsj. As sj+1 is the greedy forward neighbor ofsj, τj+1 ≤ tj+1 and it completes the

proof. ¥

B. Greedy Forward Neighbor (GFN)

We now have a mechanism that finds the minimum cover containing a certain sensor. If we can identify

a sensori that is in an MC, we solve the problem. Before we describe how to find this sensor, in this

section, we describe several properties related to GFN.

Property 1 If j is a forward neighbor ofi, GFN(i) is either j or a forward neighbor ofj.

Proof:

As j is a forward neighbor ofi, it can be the greedy forward neighbor ofi. If x = GFN(i) 6= j, tx ≥ tj

and sox is a forward neighbor ofj. ¥

Property 2 If j is a forward neighbor ofi and GFN(i) 6= j and GFN(j) 6= GFN(i), GFN(j) is a

forward neighbor ofGFN(i).

Proof:

Let x = GFN(i) and sosx ≤ ti while y = GFN(j) and sy ≤ tj. As GFN(i) 6= j and j is a forward

neighbor ofi, tj < tx. As y is GFN(j), tx < ty. Therefore,y is a forward neighbor ofx. ¥

Property 3 If nodes i and j share the same greedy forward neighbor andsi ≤ sj, then |MC(i)| ≤
|MC(j)|.
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Proof:

Let GFN(i) = GFN(j) = x, |MC(i)| = k and |MC(j)| = k′. According to Lemma 1,{GFNm(i)|0 ≤
m < k} is anMC(i). Note thatGFNk−1(i) = GFNk−2(x). That is,GFNk−2(x) is a backward neighbor

of i andGFNk′−2(x) is a backward neighbor ofj. Sincesi ≤ sj, k− 2 ≤ k′− 2 and sok ≤ k′ as stated

in the property. ¥

C. Finding MC

Let S0 be the set of sensors that cover0◦. At least one of the sensors inS0 must be in an MC. Intuitively,

if we find out MC(q) for all q ∈ S0, the minimum sizeMC(q) will be the minimum cover. However, if

the differentMC(q)’s are found independently, it may be very expensive as there may be many nodes in

S0. Therefore, we “combine” the search of differentMC(q)’s to reduce message overhead.

Let qm be the sensor inS0 with the largest ending angle. That is,qm is a forward neighbor of all the

nodes inS0. By Property 1, for allq ∈ S0, q 6= qm, GFN(q) is eitherqm or a forward neighbor ofqm.

Let T ⊆ S0 be the set of nodes such thatGFN(q) = qm andsi ≤ sj wherei, j ∈ T . By Property 3, we

know thatMC(j) cannot be better thanMC(i) for all j ∈ T where i 6= j. Therefore, we do not have

to bother findingMC(j) and we canprune the search ofMC(j). This is one way to reduce message

overhead. On the other hand, it is worth noting that every forward neighbor of everyq ∈ S0 is also a

neighbor ofqm because bothqm and a forward neighbor ofq covertq. In other words, based on the cover

ranges of its neighbors,qm can identifyGFN(q) for all q ∈ S0. Suppose nowqm realizes that bothi and

j select the same GFNf and si < sj. In this case,qm can prune the search ofMC(j) because{i, f}
covers a larger range than{j, f}. Generally speaking, when two or more nodes select the same greedy

forward neighbor, we can prune some of the searches.

To further reduce the message overhead, we “combine” the unpruned searches by one message. For

example, refer to Figure 4,qm = 6 andMC(1) or node 1 is pruned becauseGFN(1) = 6. As GFN(2) =

GFN(3) = 8, 3 is pruned.GFN(4) = 9 and GFN(5) = 10 and both are not pruned. After finding

GFN(6) = 11, 6 sends the information of the unpruned searches to 11. To facilitate 11 to further identify

the MC of the unpruned nodes, we tell 11 the greedy forward neighbors of 2, 4, and 5. That is,qm

sendsGFN(qm) a list of < q, sq, GFN(q) > where q ∈ S0, sq is the start angle ofq and q is not
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pruned. Note that eachGFN(q) in the list is different and is notGFN(qm). For eachq 6= qm in the

list, according to Property 2,GFN(qm) must be a forward neighbor ofGFN(q) and soGFN(qm) can

identify GFN(GFN(q)) for all q.

Refer to Figure 4, 11 receives<< 2, s2, 8 >,< 4, s4, 9 >,< 5, s5, 10 >,< 6, s6, 11 >>. GFN(8) = 11

and so 2 is pruned.GFN(10) = GFN(11) = 13 and we should prune one of them. Since 5 starts earlier

than 6 (i.e.,s5 < s6), we should eliminate 6. To allow 11 to determine this, we also put the starting angles of

q’s in the message. In this case, 11 can prune 6. 9 is not pruned and 11 sends<< 4, s4, 12 >,< 5, s5, 13 >>

to Node 13. In other words, the list being passed around the nodes consists of entries in the form of

< q, sq, GFNk(q) > where q ∈ S0 and q is not pruned.k in the entry is related to how many hops

that message has gone through. For example,qm (6 in our example) sends out< q, sq, GFN(q) > and

GFN(qm) (11 in our example) sends out< q, sq, GFN2(q) >.

The search can stop when the message goes around the perimeter and returns back to the starting node.

That is, upon receiving the entry< q, sq, f >, the node realizes thatq is a forward neighbor off . For

example, when 13 receives<< 4, s4, 12 >,< 5, s5, 13 >>, it finds that 5 is a forward neighbor of 13, it

knows thatMC(5) is an MC. 13 can inform 5 that it is in an MC and 5 can launch the real search of

minimum cover.

In our algorithm,qm starts the search by sending out a message toGFN(qm). Only nodes that are

GFNk(qm) for 0 ≤ k < |MC(qm)| would receive a message and send out a message. Besides, each entry

< q, sq, f > in the message received byGFNk(qm) satisfiesf = GFNk(q). Algorithm 1 illustrates what

GFNk(qm) should do when it receives the search message. For a forward neighbor ofGFNk(qm) which

overhears the search message fromGFNk(qm), it determines that it is not in anyMC in case it does not

present inq or f of any entry< q, sq, f > in the search message.

D. Proof of Correctness

Lemma 2 In our algorithm, the search ofMC(j), j ∈ S0 is pruned byGFNk(qm) only if there exists

another nodei ∈ S0 such thatMC(i) is not pruned and|MC(i)| ≤ |MC(j)|.

Proof:

As discussed in Section IV-C, onlyGFNk(qm) will be responsible for sending out search message
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after receiving messageM from GFNk−1(qm) which contains<< q1, sq1, GFNk(q1) >,...,< qL, sqL
,

GFNk(qL) >>. According to Property 1, and Property 2,GFNk(qm) can find theGFNk+1(qi), for each

qi in M .

From Algorithm 1,GFNk(qm) will prune the search forMC(j), wherej ∈ S0 under two situations.

Case 1:GFNk+1(i) = GFNk+1(j) andsi < sj, for somei and j.

Let GFNk+1(i) = GFNk+1(j) = x, |MC(i)| = l and |MC(j)| = l′. According to Lemma 1,

{GFNm(i)|0 ≤ m < l} is anMC(i). Note thatGFN l−1(i) = GFN l−k−2(x). That is,GFN l−k−2(x) is a

backward neighbor ofi andGFN l′−k−2(x) is a backward neighbor ofj. Sincesi ≤ sj, l−k−2 ≤ l′−k−2

and sol ≤ l′.

Case 2:GFNk(qm) = GFNk+1(j) andsj < sqm, for somej.

Let GFNk(qm) = GFNk+1(j) = x, |MC(qm)| = l and |MC(j)| = l′. According to Lemma 1,

{GFNm(qm)|0 ≤ m < l} is anMC(qm). Note thatGFN l−1(qm) = GFN l−k−1(x). That is,GFN l−k−1(x)

is a backward neighbor ofqm andGFN l′−k−2(x) is a backward neighbor ofj. Sincesj < sqm, l′−k−2 ≤
l − k − 1. However, as we know thatGFN l′−k−2(x) may also be a backward neighbor ofqm. (i.e.,

l′ − k − 2 = l − k − 1). Otherwise,GFN l′−k−2(x) can selectGFN l′−k−1(x) and which must be a

backward neighbor ofqm (The worst case isGFN l′−k−1(x) is j). In that case,l′− k− 1 = l− k− 1. As

a result, we know thatl − k − 2 ≤ l′ − k − 2 and sol ≤ l′. ¥

Lemma 3 In each message sent byGFNk(qm), 0 ≤ k < |MC(qm)|, there must exist an entry< q, sq, f >

such thatMC(q) is an MC.

Proof:

When qm constructs the message in the beginning, at least oneq where MC(q) is an MC is in the

message. By Lemma 2,GFNk(qm) will prune the search ofMC(j), j ∈ S0 only if ∃i ∈ S0, where

|MC(i)| ≤ |MC(j)| and the search ofMC(i) is unpruned. This means that ifGFNk(qm) prune the search

of MC(j) which is anMC, MC(i) which is unpruned is also anMC. As a result, whenGFNk(qm)

sends< q, sq, f > in messageM for each unprunedMC(q), ∃q ∈ S0 and an entry< q, sq, f > in

messageM , such thatMC(q) is anMC. ¥

12



Lemma 4 If GFNk(qm) receives an entry< q, sq, f > in the search messageM and q is a forward

neighbor off , thenMC(q) is an MC.

Proof:

If GFNk(qm) receives an entry< q, sq, f > in which q is a forward neighbor off , the search forMC(q)

is complete according to Lemma 1, and|MC(q)| = k+1. In this case,GFNk(qm) can prune the search of

MC(p) of other entry< p, sp, f > in messageM in which p is not a forward neighbor off . It is because

the searches of theseMC(p) still need one more node to complete. i.e.,|MC(p)| > k + 1 = |MC(q)|.
By Lemma 3,∃q ∈ S0 and an entry< q, sq, f > in messageM sent byGFNk−1(qm), such thatMC(q)

is anMC. As a result, we can conclude that ifGFNk(qm) receives an entry< q, sq, f > in M , andq

is a forward neighbor off . MC(q) is anMC. ¥

Theorem 1 Our distributed algorithm is correct.

Proof:

By Lemma 2 and Lemma 3, we prove that our algorithm proceeds with the search ofMC(i), where

i ∈ S0, in which at least one unpruned search ofMC(i) is an MC. Finally, our algorithm terminates

whenGFNk(qm) receives an entry< q, sq, f > in which q is a forward neighbor off . By Lemma 4, we

prove thatMC(q) is an MC. As a result, our algorithm always terminates with an MC found and this

proves that our distributed algorithm is correct.¥

Theorem 2 Our distributed algorithm terminates withO(|MC(qm)|) number of messages.

The proof of this is trivial. Our distributed algorithm starts withqm and terminates when anyq in <

q, sq, f > is a forward neighbor off . Only GFNk(qm) will be responsible for sending out search message.

In the worst case, our algorithm terminates withqm being the forward neighbor off in < qm, sqm , f >.

According to Lemma 1,MC(qm) is found in caseqm is a forward neighbor off , so our distributed

algorithm terminates withO(|MC(qm)|) number of messages for the search ofMC. After the search of

MC, nodes inMC are informed. This also requires anotherO(|MC(qm)|) number of messages. As a

result, our distributed algorithm terminates withO(|MC(qm)|) number of messages in the worst case.

¥
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V. PERFORMANCEANALYSIS

We compare our proposed algorithm with two other algorithms. The first one is the modification of the

sequential algorithm proposed in [4]. In order to cope with a distributed environment, we designed the

message format to be passed from one node to another. In each message, there are three main fields,

including, B1 which is the first node chosen in the initial cover,k which is the size of the initial

cover, GFN which is the greedy clockwise neighbor selected. In other words, the message format is

< B1, k, GFN > and this message will be initiated byB1 ∈ S and send toGFN(B1) until the message

reaches the same node twice or the number of zone developed is equal to the size of initial cover. We

denote this algorithm asGMLL Algorithm. The second algorithm considered is the one proposed in [8],

[9] which is very similar to the parallel algorithm proposed in [5]. We denote this algorithm asExhaustive

Algorithm.

A. Theoretical Analysis

As discussed in Theorem 2, our distributed algorithm terminates withO(|MC(qm)|) number of mes-

sages. However, theExhaustive Algorithmterminates withO(|MC(qm)||S0|) number of messages. It is

because their approach requires each nodeq ∈ S0 to initiate the search forMC(q) individually. This

results in high message overheads in terms of number of messages. On the other hand,GMLL Algorithm

can be initiated by any node and adopted an approach in which visiting the same node twice indicating that

a termination decision can be made. In that case, their approach, in fact, also requiresO(|MC(qm)||S0|)
number of messages in the worst case. As a result, we can conclude that our distributed algorithm performs

better than that ofExhaustive Algorithmand GMLL Algorithm in terms of the number of messages

theoretically.

B. Simulation Results

In the simulation, a simulation environment similar to the one adopted in [8] was used. In our simu-

lations, we considered a grid size of30 units×30 units, in which every grid has a probability of0.8 to

contain a sensor. Each sensor will have a certain sensing range. The target object is located at the center

(15, 15) with the object radius, which can be regarded as the size of the object, defined in our simulation.
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Two performance metrics will be used in our simulations. The first one is the total number of messages

required to find the minimum cover. The second one is the average time (in terms of number of messages)

required for a node to determine whether it is in the minimum cover. The rationale behind the first metric

is trivial as the larger the number of messages, the larger will be the amount of energy required to transmit.

On the other hand, the rationale behind the second metric is that in wireless sensor networks, most of the

energy of a node is dissipated in idle mode instead of transmit or receive mode. As a result, the earlier

the node can determine whether it should be included in the minimum cover, the sooner it can turn itself

into the energy-saving sleep mode if it is not in MC.

1) Effects of the Sensing Range:Figure 5 illustrates the number of messages required for different

algorithms to find MC in different sensing ranges. The target object is located at the center of the grid

with a radius of 11. Generally speaking, the larger the sensing range, the smaller the MC will be to cover

the target object. Since our algorithm is guaranteed to find MC inO(size of the minimum cover) number

of messages, the smaller the number of nodes required to cover the perimeter of the target object, the

smaller will be the number of messages required. As a result, the number of messages required to find MC

in our proposed algorithm decreases with the increase in sensing range. On the other hand, the number

of messages required to find MC inExhaustive Algorithmincreases with the sensing range. The main

reason is that the algorithm requires all the nodes passing through0o to initiate and find MC(i), where

i ∈ S0. The larger the sensing range, the larger will be the amount of nodes passing through0o and this

results in the increase in the number of messages. For theGMLL Algorithm, we notice that the number

of messages required to find MC increases with the sensing range at the beginning and then decrease

afterwards. There are two termination conditions forGMLL Algorithm: the first one is that the same arc

is considered twice and the second one is that the number of zones equal to the size of the initial cover

developed. Generally speaking, when the sensing range is small, the choice of replaceable node in terms

of cover range is limited and so it is easier to meet a node twice. At the same time, the increase in the

sensing range also leads to the decrease in the number of nodes required to cover the target and this leads

to the decrease of the number of messages required at the beginning. However, when the sensing range

is increased up to a certain point, the number of replaceable nodes for the cover range becomes large and

it becomes difficult to meet the same node twice. As a result, the number of messages required increases.

15



Figure 5 also illustrates the average time required for a node to determine whether it is included in MC.

Generally speaking, the trends of all the curves are still the same as that of the number of messages to

find MC. However, inExhaustive Algorithm, all the nodes passing through0o are assumed to start at the

same time to find MC, so the nodes passing through0o should findMC(i) nearly at the same time, and

then compare the results among themselves to determine MC. As a result, the time in terms of number

of messages is much less than that of finding MC. On the other hand, inGMLL Algorithm, a node can

only determine whether it is in MC after a node inS0 starts the real search for MC, i.e., a node starts

informing others after it concluded that it is in MC. As a result, the average time is generally a little bit

less than that of finding MC. In contrast, in our proposed algorithm, some of the nodes can conclude that

they are not in MC in the search message. As a result, the average time is generally half that of finding MC.

2) Effects of the Object Radius:Figure 6 illustrates the number of messages required for different

algorithms to find MC in which the target object is of different size. Under this simulation, all the nodes

are assumed to have a sensing range of11 units. Generally, the larger the object radius, the larger the

object size, and the larger amount of nodes is required to cover360o of the object. As a result, a larger

amount of messages is required to find MC due to the larger size of the target object. All the simulated

algorithms exhibit increase in the number of messages when the object radius increases. Our proposed

algorithm requires the least amount of messages as each message includes all the necessary information

to find possibleMC(i), for i ∈ S0 and onlyO(|MC(qm)|) number of messages are required to find MC.

On the other hand, theExhaustive Algorithmrequired to largest amount of messages to find MC as every

nodes passing through0o are initiating the search ofMC(i), where i ∈ S0. Last but not least,GMLL

Algorithm achieves larger amount of messages than our proposed algorithm but much less than that of

Exhaustive AlgorithmasGMLL Algorithm tries to look for MC(i), where1 < i < N and it will terminate

when it can determine MC is found.

Figure 6 also illustrates the average time for a node to determine whether it is in MC. The algorithms

also exhibit similar trend as that of the number of messages required to find MC.
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VI. CONCLUSION AND FUTURE WORK

One of the typical applications of sensor networks is to solve coverage problems. Several common

coverage problems are briefly discussed in this paper. In this paper, we focus on the angle/perimeter

coverage problem in which a large target object is located in the center and multiple sensors are expected

to collaborate to monitor360o of this object. This coverage problem is very different from that of some

common coverage problems in which a certain area or point are to be monitored instead.

The angle/perimeter coverage problem in fact is very similar to that of circle cover problem in circular-

arc graph. To the best of our knowledge, we are the first to propose a distributed algorithm to solve the

circle cover problem of the circular-arc graph withO(|size of the minimum cover|) number of messages

together with the proof of correctness. With the help of broadcasting nature of the wireless medium, our

proposed algorithm allows those sensors which overhear the search message to determine whether they

are possible candidates for MC so as to turn into sleep mode as soon as possible once they determine

they are not.

To investigate the performance of our proposed algorithm, we compared our solution with two other

algorithms –GMLL Algorithm and Exhaustive Algorithm. In fact, theGMLL Algorithm is a centralized

sequential algorithm and we have modified it to suit the distributed environment by adopting an appropriate

message format. On the other hand, theExhaustive Algorithmis known to be the first distributed algorithm

proposed without a formal proof of correctness and it is very similar to that of a centralized parallel

algorithm as stated in this paper.

Through extensive simulations, it is found that our proposed algorithm performs better than that of

the GMLL Algorithm and Exhaustive Algorithmin terms of number of messages required to find MC

and the average time required for a node to determine whether it is in MC. In the future, we would

like to further develop a distributed algorithm for the minimum cost circle-cover problem in circular-arc

graph and investigate the possibility of using broadcast nature of wireless medium to further improve the

performance of the existing centralized and distributed algorithms proposed to solve this problem.
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Fig. 1. A typical Sensor Network Scenario

Fig. 2. Illustration of sensor covers
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Fig. 3. Illustration of the existence of a gap
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Fig. 4. An illustrative example
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Fig. 5. Number of Messages Vs. Sensing Range with object radius 7
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Algorithm 1 Nodeq receives message<< q1, s1, f1 >, ... < sL, sL, fL >>
1: Precondition:
2: q = GFNK(qm) for somek.
3: fi = GFNk(qi)
4: si = sqi

5: /* Check whether an MC is identified. */
6: for i = 1 to L do
7: if qi is a forward neighbor offi then
8: /* MC(qi) is an MC. */
9: Inform qi to start the realMC search and terminate.

10: end if
11: end for
12: /* Determining whether search ofMC(qi) can be pruned. Initially, assume all the searches cannot be pruned. */
13: for i = 1 to L do
14: /* PruneMC(qi) if GFN(fi) = q. */
15: if q = GFN(fi) then
16: PruneMC(qi).
17: Continue
18: end if
19: for j = 1 to L do
20: if i 6= j andMC(qi) andMC(qj) have not been prunedthen
21: /* Check if they share the same greedy forward neighbor. */
22: if FN(fi) = GFN(fj) then
23: pruneMC(qj), if si < sj ;
24: pruneMC(qi), otherwise.
25: end if
26: end if
27: end for
28: end for
29: /* Send the unpruned search ofMC(qi) to GFN(q). */
30: Send<< qi, si, GFN(fi) >> to GFN(q) for everyMC(qi) that has not been pruned.
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Fig. 6. Number of Messages Vs. Object Radius

21


