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Abstract—The Dirichlet process (DP) prior is effective in mod-
eling HSIs (HSI) and identifying land-cover classes. However,
modeling a continuously varying intensity of these land covers
elegantly and consistently is still a challenge. We propose a doubly
stochastic DP (DSDP) as an efficient model of the global topic
measurement space, which imposes a weaker assumption com-
pared with the discrete Markov assumption, resulting in a lower
computational cost than other DP-prior-based models. We also
present a mixture model of DSDP, which is termed the marked
sigmoidal Gaussian process (SGP) DSDP mixture model. It can be
thinned from a DP mixture without massive auxiliary covariates,
and the marked function prior makes the number of land-cover
classes consistent, whereas the SGP function prior models the HSI
land-cover variation globally. The consistency of the number of
land covers is maintained for various HSIs with large-scale geo-
graphical areas. Experiments show that the model is robust and
consistent on HSI identification with weak or even no supervision.

Index Terms—Bayesian model, computational efficiency, hyper-
spectral image (HSI), land covers, remote sensing.

I. INTRODUCTION

IDENTIFICATION and classification of land covers in 2-D
images are challenging problems in remote sensing. Be-

cause of its rich spectral information, hyperspectral imaging
has become prevalent, but it is laborious to fully analyze land
covers using these hyperspectral images (HSIs) in a super-
vised manner. Furthermore, supervised learning requires fixing
the land-cover class number a priori and knowledge of the
spatial–environmental dependence. In this paper, we propose
a computationally efficient and robust model to cluster and
identify land covers in large-scale HSIs with little or no su-
pervision. We make use of a nonparametric Bayesian approach,
which is a powerful model applicable for data clustering [1] and
has been used for modeling land-cover classes in a supervised
[2], semisupervised [3], or fully unsupervised [4] manner. The
major advantage is that it allows us to determine the number
of land-cover classes automatically, which is very desirable
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Fig. 1. Toy data. Mixture distributed land covers.

in HSI analysis without massive manual labels, such as scene
categorization in image analysis [5]–[7], feature extraction [8],
[9], or image identification [3], [10].

A. Problem Statement

There are two problems to be solved for large-scale HSI
identification with land-cover classes:

1) How to model the continuously varying intensity of HSI
in a large-scale geographical area with an acceptable
computational cost, particularly when there are only a few
or even no labels for land-cover classes?

2) How to estimate the number of land-cover classes consis-
tently and automatically?

Generally, nonparametric Bayesian land-cover identification
methods assume that the HSIs can be partitioned into regions
with varying intensity. An example is shown in Fig. 1, where
mountain regions are green and plain regions are yellow. In
each region, the features, which are hundreds of spectral bands
or extracted feature components, are assumed to be indepen-
dently distributed, given the parameter of the corresponding
land-cover class. Such a parameter of the specific cluster is
its “topic,” encapsulating the essential information and char-
acteristics of the corresponding land-cover class. As the ge-
ographical area increases and the HSI resolution improves,
the assumption that image pixels under the same topic are
independent is acceptable. Thus, in Fig. 1, swamp hyperspectral
pixels follow a mixture of normal distributions among plain
regions independently with black crosses, and forest pixels are
independently distributed in the mountain region following a
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Gaussian distribution with pink hexagons. Hence, each HSI
land-cover class in the same region corresponds to a particular
“topic.” For instance, in the blue circle on the bottom left of
the plain area, swamp data points follow a distribution parame-
terized by the particular topic. In a larger scale, the land-cover
topics among different regions establish a distinct pattern, and
modeling this dependence is important for HSI identification.

To tackle the second problem, Miller and Harrison [11]
found that the estimated number may be inconsistent with the
Dirichlet process mixture model (DPMM) using Gibbs sam-
pling. With regard to the HSI identification problems [2]–[4],
the variance of the land-cover probability density may be
small. However, an extra land-cover class may incorrectly be
inferred or two different land covers may be merged, which is
problematic for many remote sensing applications.

B. Solutions

There are three essential elements in making assumptions
about dependence among different land-cover topics: the obser-
vations (features extracted from HSI), topics (parameters), and
model assumptions. Even with the same observations, there can
be different assumptions of the land-cover topics, leading to a
variety of models.

1) The simplest assumption is that the topics of HSI regions
are independent and follow a conjugate prior distribution.
Although this assumption is strict, it is widely used due to
its simplicity. The most typical model is the Dirichlet pro-
cess mixture model (DPMM) [12], which has difficulty in
analyzing or predicting spatial dependence of HSIs.

2) The dependent Dirichlet process (DDP) [13] models HSI
pixel dependence directly. In this way, the dependence
among land-cover topics has also been incorporated. Jun
and Ghosh [3] used this to analyze HSIs with some
unlabeled land-cover classes. However, models based on
the DDP are implemented with massive auxiliary HSI
pixel covariates, leading to a substantial computational
cost for inference.

3) The hierarchical structure models the land-cover topics
among HSI regions with a shared pool, such as the
hierarchical Dirichlet process (HDP) [14]. However, the
dependence among different topics is not well modeled
in the spatial domain.

4) Simplifying the structure of the spatial dependence of
HSI regions is another focus. The discrete Markov as-
sumption is commonly used to simplify the dependence
among topics, such as applying the Markov random field
(MRF) [15] to label the terrain using HSIs. This assump-
tion requires state partitions under the MRF and fails in
long-term topic modeling.

In summary, except the first one, methods under other assump-
tions allow us to model a varying intensity among land-cover
spaces. However, the computational cost and strict assumptions
make it a challenge to adopt these methods.

On the contrary, the doubly stochastic Poisson process (also
known as a Cox process [16]) is adept at modeling the varying
point data intensity. It is a stochastic process, modeling the

Fig. 2. Relationship diagram for the Poisson, Dirichlet, Gamma, and Cox
processes, as well as the DSGP and DSDP.

intensity of the Poisson process with another random process.
This approach inspires us to propose a doubly stochastic
process intensity, which models the HSI regions at the land-
cover topic level and fits the spatial region dependence. We
call this the doubly stochastic Dirichlet Process (DSDP), us-
ing it to model the HSI land-cover variation without massive
auxiliary variables. Its derivation is based on the argument
that a Gamma process is a compound Poisson process and the
Dirichlet process is a normalized Gamma process [17]. Thus, a
DSDP can be constructed based on a Cox process. Viewed this
way, a DSDP is a normalized doubly stochastic Gamma process
(DSGP), and a DSGP is a special case of the compound Cox
process. The relationship is shown in Fig. 2.

We need to determine a proper stochastic process in-
tensity of DSDP to make the inference procedure concise.
Adams et al. [18] introduced a variant of the Cox process,
known as the sigmoidal Gaussian Cox process (SGCP), to
model the point data. By applying the Markov chain Monte
Carlo (MCMC) method, the SGCP can be tractably inferred.
Therefore, we can use a sigmoidal Gaussian process (SGP) to
model the continuously varying intensity of the land-cover topic
space in our proposed DSDP. Moreover, the mixture model of
DSDP (DSDP-MM) is parameterized by the Marked function
prior (deterministic) and the SGP prior (stochastic), ensuring
that the number of land covers can be consistently inferred.

C. Contributions

Overall, there are three major advantages in using the pro-
posed DSDP for HSI data analysis. First, the SGP prior flexibly
models the varying spatial intensity measurement of land-
cover topics, whereas the dependence of land-cover topics
does not require a discrete Markov assumption [15]. Hence,
the DSDP specializes in modeling a large-scale land-cover
topic with a global dependence. Second, the consistency of the
number of land-cover classes is guaranteed by the DSDP-MM
with marked SGP prior. Although Bayesian models have been
applied to HSI land-cover clustering [3], [10] with sampling
algorithms, Gibbs sampling for the DPMM raises severe in-
consistency problems [11]. Third, the computational cost is
significantly reduced. DPP-based models [3] need to sample
many auxiliary variables O(n) at the pixel level, where n is
the number of pixels; on the other hand, the inference method
based on the SGP prior only needs to sample latent topics O(K)
at the topic level, where K is the number of land-cover classes.
For most cases, K � n.
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II. DSDP

A. Definition of DSDP

We illustrate the idea of DSDP with an example about a cus-
tomer queuing system at a supermarket. Poisson, Gamma, and
Dirichlet processes along the first row in Fig. 2 are introduced
around the term “intensity.”

• Poisson Process. Assume that customer arrival during a
time interval τ follows a Poisson distribution with the pa-
rameter λτ , where λ is the “intensity.” When people come
uniformly, λ is a constant, resulting in a homogeneous
Poisson process. Otherwise, the “intensity” as a function of
time isλ(t), leading to an inhomogeneous Poisson process.

• Gamma Process. A single customer consumes ω, which
follows a continuous distribution γ(ω) [19]. The en-
tire customer consumption is then a compound Poisson
process. The special case with γ(ω) = ω−1e−ω results in
the Gamma process.

• Dirichlet Process. A Dirichlet process (DP) is a normalized
Gamma process when the consumption ω is normalized.

Now consider the opening of a new store, where the customer
habit is unknown. The varying intensity λ(t) is assumed to
follow another stochastic process, i.e., a Gaussian process (GP)
GP (m,κ) with mean m and variance κ. This becomes a doubly
stochastic process.

In the following, we define three such processes, which
correspond to the second row in Fig. 2.

1) Cox Process: A doubly stochastic Poisson process (also
known as a Cox process) counts the customer arrivals with
another stochastic process on “intensity.”

Definition II.1 (Cox [20]). Suppose that the intensity
λ of the process Π is another stochastic process. If the
conditional distribution of Π given λ follows a Poisson
process on (Θ,FΘ), thenΠ is a Cox process driven by the
intensityλ. The variable Θ⊆R

d is a d-dimensional space
for the point data θ∈Θ, and FΘ is a σ-algebra over Θ.

2) DSGP: A compound Cox process counts the entire cus-
tomer consumption, where its customer arrival intensity
is another stochastic process.

Definition II.2 (DSGP). Suppose that a compound Cox
process Π′ is driven by the product measurement λ× γ.
When a DSGP denoted by G is a special case of Π′ with
the distribution γ(ω), a generalization on subset A of
intensity λ follows

G(A) �
∑

(θ,ωθ)∈Π′(A×γ)

ωθ · δθ (1)

where ωθ and δθ denote the weighting function (normal-
ized customer consumption) and delta function at data
point (customer) θ, respectively.

3) DSDP: It is a normalized DSGP.
Definition II.3 (DSDP). Suppose that the intensity λ

of the process D is another stochastic process. If its
distribution given the intensity follows a DP, then it is a
DSDP driven by λ, which is a normalized DSGP with

D(A) � G(A)

G(Θ)
. (2)

B. Thinning Procedure and the Conditional DSDP

Direct construction of a DSDP is a complicated process.
However, based on the thinning procedure of the Cox process
[21], a DSDP can similarly be thinned from a DP with a
conjugate prior.

Theorem II.1: Let D∗ follow a DP with a conjugate prior
λ∗ = α∗H0, and D follow a DSDP thinned from D∗. If the
thinning function q(A) is given, a conditional DSDP can be
sampled as

D(A) | q(A), λ∗(A) ∼ DP (q(A)λ∗(A)) . (3)

Corollary II.2 (Conditional DSDP): For any disjoint subsets
A1, . . . , An ∈ FΘ, the conditional DSDP D′ � D|λ follows a
Dirichlet distribution Dir(·) such that

(D′(A1), . . . , D
′(An)) ∼ Dir (λ(A1), . . . , λ(An)) . (4)

A sampled intensity λ includes a base distribution H and
a concentration parameter α, such that λ(A) = αH(A). For
any subset A ∈ FΘ, the base distribution of conditional DSDP
D′(A) follows H(A) = λ(A)/λ(Θ), and the concentration
parameter α follows α = λ(Θ).

III. DSDP MIXTURE MODEL

A mixture model of DSDP is proposed for clustering the HSI
land covers. A basic DSDP-MM with SGP prior is introduced
first with a generative construction, followed by that with the
marked SGP.

A. DSDP-MM With Sigmoidal Gaussian Process Prior

A DSDP mixture can be thinned from a DP mixture with a
conjugate prior [22]. The generative procedure of DSDP-MM
with SGP prior follows:

Y ∼GP (m,κ)

D|Y ∼DP (σ(Y )α∗H0)

θi|D,Y
iid∼ D|Y

Xi|θi
iid∼ f(θi). (5)

1) Sample a GP function Y from prior GP (m,κ) and form
σ(Y ) = (1 + e−Y )−1, which is sampled from an SGP
prior [18].

2) Sample a conditional DSDP distribution from a DP with
the thinned conjugate prior intensity σ(Y )α∗H0 [12].

3) Sample the topic θi from the conditional DSDP given
by D|Y .

4) Sample the data Xi from the observation distribu-
tion f(θi).

With the thinning procedure, we can sample the SGP prior
without the normalization termCΘ =

∫
Θ σ(Y (θ))H0(dθ). The

concentration parameter α and the base measure distribution of
the conditional DSDP D|Y can be thinned with α = CΘ · α∗,
and H(θ) = C−1

Θ · σ(Y (θ))H0(θ).
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Fig. 3. Generative procedure of DSDP: (a) sample initial DP, (b) sample
SGP function, (c) sample topics from the conditioned DSDP, and (d) sample
observations given topics.

Fig. 3 illustrates the aforementioned steps with a sample band
HSI. In (a), green circles represent all candidate land-cover
topics, which are sampled from a DPMM with the conjugate
prior. The initial concentration parameter and the base distrib-
ution are shown with the red dashed line and the purple curve,
respectively. In (b), at the location of each land-cover topic, a
thinned intensity (black point) is sampled from the upper bound
SGP prior with mean (a cutoff sine function in blue) and vari-
ance. Acceptance proposals (red cross) are sampled uniformly
at land-cover topic locations. When proposals are larger than
the thinned intensity (black point), the corresponding topics
are thinned. In (c), these thinned land-cover topics are denoted
as red crosses. Then, accepted topics (green circles) can be
regarded as samples drawn from the DSDP prior. Mixture
weights (vertical black line) at accepted locations are drawn
from the Dirichlet distribution with the SGP intensity. Each
normal distribution (blue curve) is parameterized by a land-
cover topic. The density function of DSDP mixture is shown
as the bold blue curve in Fig. 3(d). Observations (brown plus
sign) are sampled from this density.

B. Marked SGP for Spatial Clustering

The SGP prior enables us to model the dependence of topics
along the spatial domain, and thus, we would like to apply
the DSDP-MM for spatial data modeling. It can be tractably
inferred by the MCMC sampling with latent variables [23].
These latent variables are sampled from the conjugate prior
α∗H0, which may cause an inconsistency problem [11]. To
overcome this, we propose to use a marked SGP.

As the DSDP is defined based on the DSGP, we first note
that the intensity of the DSGP follows λ′ = λ× γ. If an extra
function Q(ωθ) multiplies with the intensity, based on the
Marking Theorem [19], the compound function γ(ωθ) ·Q(ωθ)

can be referred to as a marking on the intensity. The intensity
of this marked DSGP follows:

λ′
M (θ × ωθ) = λ(θ)× (γ(ωθ)Q(ωθ)) . (6)

Normalizing this marked DSGP gives a marked DSDP, with the
mixture weight being the normalized ωθ . The partition amount
nθ , which is the unnormalized weight, can be applied to make
(6) valid on the marked DSDP. Here, a proper marked function
Q(nθ) with hyperparameters a0, b0 follows:

Q(nθ) =
B(n)ba0

0

(b0 + n)a0+nθ
· Γ(a0 + nθ)

Γ(a0)
· n

nθ

nθ!
. (7)

The normalized factor B(n) only relies on the entire data
amount n, and it increases monotonically with B(n) ∈ [0, 1].

C. Thinning Function of Marked SGP Prior

The thinning function is essential for the tractable inference
of DSDP-MM, which follows:

• For the DSDP-MM with SGP prior, the thinning function
is the SGP prior q(θ) = σ(Y (θ)).

• For the marked SGP prior, the thinning function q′(θ, nθ)
contains the SGP prior and the marked function, which
follows q′(θ, nθ) = σ(Y (θ))×Q(nθ).

Discussions for the asymptotic mass function and exchange-
able partition properties are shown in [24].

IV. INFERENCE

A. Using SGP

Similar to [23], the inference of DSDP is also doubly intrac-
table. Moreover, the GP prior is nonconjugate. Adams [25] pro-
posed a sampling inference with the SGP prior, which enables one
to tractably infer the Cox process. The SGP prior of DSDP can
also be inferred with latent variables and thinned from an initial
intensity. Consequently, the posterior probability of DSDP-MM
with the SGP can be tractably inferred, which follows:

P (�θK ,M,�θM ,Y |α∗, H0,x1:n)

= (α∗)K+M exp (−λ∗(Θ))GP(Y )

K+M∏
m=K+1

σ(−Ym)H0(θm)

×
K∏

k=1

σ(Yk)�(�xk|θk)H0(θk) (8)

where �θK � {θi}Ki=1 denotes the topic set, �θM � {θi}M+K
i=K+1

is the latent variable set, and Y is the GP function set. The GP
function at θk is denoted by Yk. The initial intensity is the con-
jugate prior λ∗(Θ) = α∗H0(Θ). The function �(xk|θk) is the
likelihood of a kth data partition xk. The number of topic vari-
ables, latent variables, and data are K , M , and n, respectively.
To infer the parameters of this posterior, there are four major
steps.

1) Initial topics are drawn from a DPMM with a conjugate
prior.
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2) The SGP prior is inferred with sampled topics �θK and
latent variables �θM . Then, SGP functions Y and latent
variables �θM are sampled from the inferred SGP prior.

3) Topics �θK are sampled based on SGP functions Y ,
latents �θM , and topic indicators z.

4) Topic indicators z are sampled based on topics �θK ,
latents �θM , and SGP functions Y .

The last three sampling steps are described in detail as follows.
1) Sampling the GP Functions and Latent Variables: First,

we infer SGP functions of DSDP-MM with the hybrid Monte
Carlo (HMC) method [26]. The log posterior probability of GP
functions adapts the form in [18] with a squared-exponential
(SE) covariance kernel [27]. Subsequently, we sample the latent
variables from an inhomogeneous Poisson process with the
initial intensity λ∗ = α∗H0.

2) Sampling the Topic Parameters: A sampling procedure
for updating the topic θk,i during the DP sampling is presented.
A candidate topic θ∗ is obtained by sampling from a topic
distribution Gk(θ), which is the posterior p(θ|x−i,k) when
k ≤ K . The set of the data in the kth cluster, except the data
xi, is denoted by x−i,k. If k > K , the topic distribution is a
conjugate prior H0(θ). Then, we sample a new function Y (θ∗)
from the current inferred SGP prior. The Metropolis–Hastings
(M-H) acceptance ratio ak follows:

ak =
Gk(θ

∗) (1 + exp (sgn(k −K) · Y (θk)))

Gk(θk) (1 + exp (sgn(k −K) · Y (θ∗)))
(9)

where sgn(·) is the signum function, and sgn(0) = 1. We
sample a random variable bk uniformly on [0,1]; if the M-H
ratio ak is larger than bk, we set θk as θ∗, and Y (θk) is updated
as Y (θ∗). Otherwise, we keep θk and Yk. The sampling of
latent variables �θM is in [25].

3) Assignment Sampling: The DP prior and the SGP in-
tensity determine the probability of the topic assignment zi,k,
which assigns the data xi into the kth cluster. Therefore

P (zi,k|z−i,Y , �θ) ∝

⎧⎪⎨
⎪⎩

n−i,k · σ (Y (θk)) �(xi|θk), k � K

α∗

M · σ (Y (θk)) �(xi|θk), k > K
(10)

where n−i,k is the number of data set x−i,k.

B. Using Marked SGP

The inference algorithm of the marked SGP DSDP-MM
modifies the assignment sampling step. Since the thinning
function q(θ) contains the deterministic part Q(nθ) and the
stochastic part σ(Y (θk)), the assignment sampling probability
in (10) is updated as

P (zi = k|�z−i, �Y , �θ) ∝ q(θk, nθk
) · �(xi|θk) (11)

where θk indicates a topic of an existing cluster (k ≤ K) or a
new one. The thinning function q(θk, nθk

) is modified with the
marked factor, whose ratio follows:

Q(nθ + 1)

Q(nθ)
=

n(a0 + nθ)

(b0 + n)(nθ + 1)
. (12)

This ratio is used when the data are assigned to a different
cluster. An initial marked factor is required when a new cluster
is initialized, where

Q(1) = B(n) · a0nb
a0
0

(b0 + n)a0+1
. (13)

C. Split–Merge MCMC Algorithm

Jain and Neal [28] propose the split–merge MCMC algo-
rithm for DPMM to accelerate the inference procedure. Here,
we present a split–merge MCMC algorithm to speed up the
convergence rate. The two-stage inference [29] is applied for
the marked SGP DSDP-MM. First, two candidate observations
are sampled. If they are in different clusters, we merge them.
Otherwise, we split that single cluster. Then, we apply the
split–merge technique to assign the topic zi. For every ob-
servation xm belonging to the data set Sc, only two selected
sets S1 and S2 can be assigned. The assignment probability
p(zm|S1,S2) follows:

p(zi = l|S1,S2) ∝ q(θl, nl) · �(xi|θl), l = 1, 2. (14)

Note the major enhancement of the second stage: the split and
merge mechanism of the random sampled clusters S1 and S2,
topic parameters θ1 and θ2, and corresponding data amounts
n1 and n2 of clusters are updated as usual.

Split Case: There are five factors for calculating the accep-
tance ratio A: the mass function P (·), the marked function
Q(·), the posterior probability of the sampled GP functionG(·),
the likelihood of the data �(·), and the transition probability
T (c → csplit). The ratio of the mass function P (·) and the
marked function Q(·) is derived with

P (csplit)Q (|csplit|)
P (c)Q (|c|) =

α∗ba0
0 ncΓ(a0+n1)Γ(a0+n2)

Γ(a0)(n1 + n2)Γ(a0 + nc)
(15)

where the data amount of Sc follows nc = n1 + n2, and a0, b0
are the hyperparameters for the marked function Q(·). The
posterior of the GP function G(·) follows:

G(csplit)

G(c)
=

1 + exp (−Y (θSc
))

(1 + exp (−Y (θS1
))) (1 + exp (−Y (θS2

)))
.

(16)

The transition probability T (c → csplit) can be derived as

T =

2∏
l=1

T
(
θS(t)

l
→ θS(t−1)

l

)

T
(
θS(t−1)

l
→ θS(t)

l

)
|Sc|−1∏
t=0

p
(
z(t)m |S(t)

1 ,S(t)
2

)
(17)

where z
(t)
m is the assignment for the observation xm at the

tth sampling. Here, T (θS(t)
l

→ θS(t−1)
l

) is a density proposal

for updating a new topic at the tth step, which relies on prior
probability density of the initial cluster H0(θS(0)

l
). The merging

proposal is similar.
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Fig. 4. Consistency and inconsistency state transfer diagram.

V. CONSISTENCY THEOREM

For mixture models with DP prior, Ghosal et al. [30] proved
that the posterior distribution is �1-consistent. However, consis-
tency of the number of clusters is not analyzed.

First, consider a single sampling step of the DP prior mixture
models. The probability for assigning an observation xi into a
new topic θK+1, instead of its original correct topic, is inversely
proportional to the data amount n. This probability is quite
small, but in each step of DPMM sampling algorithms [12] and
DSDP sampling inference, there are O(n) sampling steps for
n observations x1:n. Therefore, when the sampling is correctly
converged, the probability of no extra cluster is not 100%, i.e.,

lim
n→∞

n∏
i=1

Pn(zi < K + 1) =
(
1− c0

n

)n

= e−c0 < 1 (18)

where zi is the topic assignment for xi, and c0 > 0 is a finite
constant.

Now consider the entire sampling iterations. As data amount
grows, the number of clusters is almost impossible to be
consistent with Gibbs sampling of DPMM. Nevertheless, the
proposed marked SGP DSDP-MM can tackle this inconsistency
problem as follows.

1) When the data partition is still incorrect in the previous
iteration step (t− 1), there is a nonzero probability q
to achieve a correct partition in the next step (t). The
sampling of HSI identification can be converged.

2) Otherwise, the probability p of achieving a consistent
sampling (correct data partition) in the next iteration
(t) will approach 1. Hence, HSI identification can be
consistent when sampling is converged.

Moreover, q also affects the convergence rate, which can be
tuned with hyperparameters of the marked SGP DSDP-MM.
The convergence rate of a DPMM followsn−(1/2)[log(n)]ck [31]
with ck > 1. The number of iterations has O(n1/2[log(n)]−ck),
as it is inversely proportional to the convergence rate [32]. As
p grows, the constant ck increases, and the convergence rate
grows.

The transfer diagram of these two cases is shown in Fig. 4.
Examples of these two situations are shown in Fig. 5. These two
situations can be concluded with the following two theorems.

Theorem V.1: The probability for sampling a correct partition
Tn = K will be a nonzero constant q > 0, when the data
partition is incorrect at the current iteration step. That is

q = lim
n→∞

P (Tn = K|Xn) > 0 with probability 1. (19)

Fig. 5. Pink dotted line indicates the GP prior intensity, and brown dashed
line indicates upper bound of intensity. Cyan points, green triangles, and
blue crosses indicate observation data, latent variables, and topic parameters,
respectively. (a) Consistency situation. (b) Inconsistency situation.

Theorem V.2: Suppose a marked SGP DSDP-MM D is
thinned from a DPMM D0 with a conjugate priorα∗H0(θ), θ ∈
Θ. If the data amount is large enough that n → ∞, the correct
partition number Tn = K would be consistent with probability
p, when the SGP function and the data partition are correctly
inferred. That is

p = lim
n→∞

P (Tn = K|Xn) = 1 with probability 1. (20)

Detailed proof of consistency is introduced in [24]. More-
over, single cluster simulation and real-world galaxy experi-
ments demonstrate that DSDP-MM provides the potential to
solve the inconsistency problem [24].

VI. EXPERIMENTS

We carry out experiments with simulation toy data having
spatial clustering and with real-world HSI data. We compare the
proposed DSDP-MM with the DPMM [12], an established clus-
tering algorithm, several HSI unmixing algorithms, including
vertex component analysis (VCA) [33], independent compo-
nent analysis (ICA) [34], and dependent component analysis
(DECA) [4], as well as unsupervised clustering algorithms in
HSI software ENVI [35], using K-means and iterative self-
organizing data analysis (IsoData) and nonparametric semisu-
pervised learning algorithm SESSAMM [3].

First, we seek to illustrate the performance of spatial model-
ing with DSDP. This experiment shows that it can capture the
topic dependence for spatial data in a robust manner. Moreover,
the computational cost of DSDP-MM is close to O(n1.3). The
Salinas-A scene six-class data set is used to illustrated its
fully unsupervised ability; the Indian Pines experiment then
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demonstrates the unsupervised clustering performance with
many land-cover classes (Ks = 16). In addition to the semi-
supervised learning algorithm SESSAMM, many unsupervised
clustering methods can be used for the land-cover clustering
and spectral unmixing, which also can find land-cover regions
with the detected endmembers [4]. In the Salinas-A and Indian
Pines experiments, some existing algorithms are compared to
illustrate that our model is superior in the fully unsupervised
HSI land-cover clustering. The Botswana 14-class data set is
used to demonstrate the robustness of DSDP-MM with weak
or no supervision, where we compare with the state-of-the-art
land-cover clustering algorithm SESSAMM.

Subsequently, three HSI data sets are also used with the
hyperspectral subspace identification algorithm [36] to extract
the feature from raw HSIs. This feature algorithm helps to avoid
demerits of the proposed DSDP models. 1) The DSDP has an
efficient computational cost for low-dimensional feature with
dimension D. However, high-dimensional data with dimension
d will significantly increase the computational cost, which can
be up to O(D/d2) (i.e., about 300 times larger cost for the
Indian Pines data set). 2) The high-dimensional (i.e., over 200)
input data for the DSDP will generate massive parameters,
which requires large amount of training data. However, the
pixel-level data amount for each hyperspectral data is quite
small (i.e., 200 × 200), which makes the DSDP overfitting.
3) The proposed MCMC sampling is not good at handling the
high-dimensional data.

Last but not least, we illustrate computational cost analysis
with DPMM, SESSAMM, DECA, and the proposed DSDP-
MM, together with experiments showing time consumption
on the Indian Pines data set. For our spatial DSDP-MM, the
hyperparameters are a0 = 0.1 and b0 = 1. To accelerate our
algorithm, we divide the HSI data sets into cx × cy spatial
patches based on the optimal computational cost shown in
Section VI-E, in which cx and cy are partition numbers along
the horizontal and vertical directions, respectively. DP steps are
performed on the spatial patches independently, and the global
SGP is used to model all the land-cover classes among different
partitions.

A. Data for HSI Modeling

DSDP-MM achieves consistency for the data illustrated in
Fig. 1, whose intensity is shown in Fig. 6. In (a), the color
map indicates the actual intensity from 0 to 6, which is a 2-D
symmetric exponential function. Moreover, the pink points
are observation data sampled from this intensity following
the generative procedure in Fig. 3. The observations also lie
within dimension [−50, 50]2. Since the SGP prior is symmetric,
(b) analyzes only half. This experiment shows that the stochas-
tic prior of DSDP-MM catches multiple topics in regions with
lower intensity [four corners in (a)]. It is not possible to find
a suitable conjugate prior for every data set, and an improper
conjugate prior will cause a negative effect on inference, where
DPMM will easily miss topics. For example, in (b), DSDP-MM
still has topic density from −24 to −6, and DPMM misses
them mostly. On the other hand, although DSDP-MM is thinned
from a DPMM with a conjugate prior, it avoids this limitation.

Fig. 6. Toy data set and the corresponding density estimation. (a) Toy data with
the SGP prior. (b) Density estimation.

Fig. 7. Inferred topics for the toy data set. (a) DPMM (b) DSDP-MM.

Furthermore, DSDP is insensitive to hyperparameters. As the
initial concentration parameter decreases, DPMM tends to miss
topics easily, e.g., when α = n/15, DPMM will merge topics
at −24 with topics at −30.

Typical clustering results are shown in Fig. 7. DPMM has
more topics in the center based on the conjugate prior, whereas
DSDP-MM enables us to model the SGP prior intensity. Red
crosses denote topics with proper thinning functions (q > 0.5),
whereas yellow topics have lower thinning functions (q ≤ 0.5)
and pink triangles are hidden variables with lower thinning
functions (q ≤ 0.5). Most SGP functions of land-cover topic
parameters are correct with blue crosses. Moreover, all SGP
functions of latent variables are correctly inferred, with no
latent variable having high thinning function. Thus, the SGP
intensity is well inferred, and DSDP-MM is more likely to catch
correct topics.

B. Salinas-A Scene Experiment

The Salinas-A scene data set is a subscene of the Salinas im-
age, comprising 86 × 83 pixels with 204 bands. It contains six
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Fig. 8. (a) Sample band HSI. (b) Ground truth of land-cover classes.
(c) K-means and (d) IsoData in ENVI [35]. (e) ICA algorithm [34]. (f) VCA
algorithm [33]. (g) DECA algorithm [4]. (h) DPMM algorithm [1]. (i) DSDP-
MM algorithm.

land-cover classes,1 and the 30th band of this HSI is shown in
Fig. 8. We conducted the hyperspectral subspace identification
algorithm [36] to reduce the 204 bands into 13-D observation
data. The locations of HSI pixels are additionally used as the
covariates in the GP step. Experiments with various initial
concentration parameters α0 are conducted in an unsupervised
fashion, and DPMM is used for comparison. The last two panels
in Fig. 8 show the results of DPMM and DSDP-MM with
α0 = n/1000. In this paper, four evaluation metrics are applied.

1) Cluster purity [37] measures the accuracy of assignments
in each cluster, and each cluster is assigned to the class
that is most frequent in the cluster, i.e.,

purity(X,Y ) =

∑
i maxj |xi ∩ yj |

N
(21)

where X = {x1, . . . , xM} is the set of clusters, and Y =
{y1, . . . , yK} is the set of classes with ground truth.

2) Normalized mutual information (NMI) [37] shows the
information metric between ground truth and clustering
result, and it avoids the problem that cluster purity prefers
the larger number of clusters, i.e.,

NMI(X,Y ) =
I(X;Y )√
H(X)H(Y )

. (22)

1Broccoli green weeds, Corn senesced green weeds, Lettuce romaine 4wk,
Lettuce romaine 5wk, Lettuce romaine 6wk, and Lettuce romaine 7wk.

3) The variance of the clustering purity, with smaller vari-
ance indicating better robustness.

4) The variance of the number of clusters, which is typically
ignored in earlier work, demonstrates the consistency
property of the land-cover clustering.

Coming back to this Salinas-A scene experiment, we carry
out a detailed analysis of the fully unsupervised learning of hy-
perspectral data. The major difficulty lies in that labels and the
number of land–cover classes are not known. It is a challenging
date-driven problem requiring robust and consistent clustering
ability. For instance, Fig. 8 illustrates that DSDP-MM is much
more robust than DPMM, particularly for the number of land-
cover classes. Cluster purities of DSDP-MM in Table I do
not significantly exceed those of DPMM (∼5%), but the over-
segmented clustering of DPMM [3] makes the result noisy.
Data points, which belong to Corn weed (cyan label), are easily
oversegmented into several clusters, e.g., over one third of them
are split into extra clusters by DPMM in the third panel. This
problem is mainly because there are easily incorrect clustered
strip data points, whereas DSDP-MM with a continuous spatial
dependence probability avoids this issue.

Fig. 8 and Table I together demonstrate that DSDP-MM has a
satisfactory performance and obtain superior cluster purity and
NMI results for this unsupervised task. Table I also illustrates
that DSDP-MM is consistent with smaller variances of the
number of clusters and robust for different initial concentration
parameters with stable purities and NMI results.

We also compared this data set with recent methods for un-
supervised clustering and HSI unmixing algorithms. K-means
in ENVI [35], ICA [34], and VCA [33] all assume that the
number of land-cover classes is known. Therefore, they have a
close NMI performance with DSDP-MM in Table II. However,
they tend to undersegment the land covers and cluster multiple
land-cover classes together, as shown in Fig. 8. Hence, these
algorithms have a worse purity result. IsoData in ENVI and
DECA [4] can estimate the number of land-cover classes within
a range, but these algorithms still suffer an undersegmentation
problem.

C. Indian Pines Experiment

The Indian Pines data set2 includes 16 land-cover classes.3

It is more challenging for land-cover clustering in a fully unsu-
pervised fashion with a larger area (145 × 145) and a greater
number of land-cover classes. The 30th band of Indian Pines
HSI is shown in Fig. 9. Again, we reduce these 224 bands into
13-D feature data. We also compare the proposed DSDP-MM
with DPMM and recent clustering methods.
K-means and IsoData algorithms in ENVI [35], ICA [34],

and VCA [33] have a close NMI performance with DSDP-MM,
as shown in Table III, when the number of land-cover classes is
known. However, they encounter a more serious undersegmen-
tation problem for this challenging data set. The nonparametric

2This HSI was gathered by AVIRIS sensor, which is available on http://aviris.
jpl.nasa.gov/.

3Detailed information of land-cover classes is shown in http://www.ehu.eus/
ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes.
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TABLE I
DPMM AND DSDP-MM COMPARISON ON SALINAS-A SCENE DATA SET WITH SIX LAND-COVER CLASSES

TABLE II
UNSUPERVISED HSI CLUSTERING COMPARISON

ON SALINAS-A SCENE DATA SET

Fig. 9. (a) Sample band HSI. (b) Ground truth of 16 land-cover classes.
(c) K-means and (d) IsoData in ENVI [35]. (e) ICA algorithm [34]. (f) VCA
algorithm [33]. (g) DECA algorithm [4]. (h) DPMM algorithm [1]. (i) DSDP-
MM algorithm.

TABLE III
HSI IDENTIFICATION RESULT ON INDIAN PINES DATA SET

Bayesian DECA algorithm [4] has a better performance com-
pared with previous methods, but DSDP-MM has almost 20%
better purity and NMI performance.

Fig. 10. Botswana 14-class experiment. (From left to right) 80th band of this HSI:
(a) training data points (n=1000) and (b) clustering results of DSDP-MM
in a semisupervised manner (testing data points n = 2248) and (c) in a fully
unsupervised manner (whole data points n = 3248; the largest 14 clusters are
selected and unordered).

Moreover, cluster purities of DSDP-MM have over 6% better
performance than DPMM on a difficult task for the HSI unsu-
pervised clustering. Fig. 9(g) shows that the DECA algorithm
encounters an undersegmentation problem because the land-
cover regions are clustered based on the detected endmembers,
whereas Fig. 9(h) shows that DPMM has a serious overseg-
mentation problem for this large-scale data set (over 1× 104

data points). For DSDP-MM, Fig. 9(i) shows that the SGP prior
makes spatial clustering over each land-cover class region more
complete.

D. Botswana Experiment

The Botswana data set is captured by the Hyperion sensor
of the NASA Earth Observing 1 satellite [38], which contains
14 land-cover classes. The 80th band of Botswana and land-
cover labels are shown in Fig. 10 with 1476 × 256 pixels. These
145 bands of HSI are reduced to 22-D data.

First, a fully unsupervised learning of this 14-class4 Botswana
data set is carried out with various initial concentration

4Cluster labels refer to Water, Hippo grass, Flood plain 1, Flood plain 2,
Reeds 1, Riparian, Firescar 2, Island interior, Wood lands, Shrub lands, grass
lands, Short mopane, Mixed mopane, and Exposed soils, respectively.
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TABLE IV
UNSUPERVISED RESULT ON BOTSWANA DATA SET WITH 14 LAND-COVER CLASSES

TABLE V
SEMISUPERVISED RESULT ON BOTSWANA DATA SET WITH 14 LAND-COVER CLASSES

TABLE VI
SEMISUPERVISED RESULTS ON BOTSWANA DATA SET WITH 9 LAND-COVER CLASSES OF DPMM AND THE SESSAMM [3]

parameters α0, as shown in Table IV. For cluster purity and
NMI metrics, DSDP-MM also achieves satisfactory results and
much more robust performance over DPMM. The mean of
cluster purity concentrates on 0.98 with various α0 from n/50
to n/2500, whereas DPMM results vary from 0.85 to 0.98.
Furthermore, DSDP-MM has a much smaller density variance
and number of clusters. On the other hand, in DPMM, the
variances of the number of clusters are larger for the bigger
hyperparameters, and they are also much larger compared to
the corresponding variances for the six-class data set in Table I.
Conversely, for DSDP-MM, variances of the number of clusters
are much more consistent for different data sets and hyperpara-
meters α0. Table IV illustrates the robustness and consistency
for the large number of clusters data set and various hyperpara-
meters with no supervision.

Semisupervised experiments are also conducted on the same
Botswana data set. Fig. 10 illustrates training data and total
data points for semisupervised learning (training data with
label and testing data with clustering results). Similar to the
experimental setting in [3], we also remove some data points

during training; hence, the total number of clusters is not
fixed. The results are shown in Table V. These semisupervised
experiments can have results superior to those in Table IV. With
more unknown classes, the performances of both DPMM and
DSDP-MM become slightly worse. The cluster purity and NMI
metrics decrease, and variances of the density and the number
of clusters increase. The variances of the number of clusters
(number of removed clusters varies from 1 to 4) are around 0.17
for DSDP-MM, and vary from 3 to 7.7 for DPMM.

We also conduct the semisupervised experiments on the
nine-class Botswana data set, while keeping the same training
and testing ratio as in [3]. Although the feature extraction
algorithms are slightly different for the SESSAMM [3] and
DSDP-MM, the semisupervised results shown in Table VI are
worth considering, which show more satisfactory performance
compared to that of 14-class data set, as reported in Table V.
Moreover, we also remove one to four classes to enhance the
reliability of these experiments. It is intuitive that DSDP-MM
achieves better results for the cluster purity and the NMI,
as well as much smaller variance of the number of clusters.
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TABLE VII
COMPUTATIONAL COMPLEXITY COMPARISON

Overall, DSDP-MM has a robust and consistent ability for the
HSI land-cover clustering with no or weak supervision.

E. Computational Complexity for the Spatial DSDP-MM

The computational cost of DSDP contains local DP sampling
and global SGP sampling with all hyperspectral data points
n. The computational complexity of the former is O(n2/c)
and that of the latter is close to O(c3K3

s ). Strictly speaking,
Ks is proportional to the number of land-cover classes in
all spatial patches. Optimal computational complexity of this
spatial DSDP-MM can be much lower than DPMM because it
enables clustering the land covers on the partitioned HSI and
modeling all the land-cover classes among spatial partitions
with global SGP. When the HSI can be split into c spatial
minipatches, with the optimal number of patches given by c∗ =
K−1

s (n/2)2/3, we can obtain the optimal complexity by putting
it into the computational complexity expression of DP and SGP
steps, giving O(n4/3Ks). Table VII compares the computa-
tional complexity of the proposed DSDP-MM with DPMM,
SESSAMM, and DECA. These three models include a classic
nonparametric clustering algorithm, a nonparametric HSI land-
cover clustering algorithm, and a nonparametric model for hy-
perspectral endmembers unmixing. The proposed DSDP-MM
has a lower computational cost for the training procedure, as the
number of data points is much smaller than the number of land-
cover classes, i.e., Ks � n. Moreover, DSDP-MM, DPMM,
and DECA have similar computational costs for the testing
procedures. To compare the computation time, we perform the
experiment5 on the Indian Pines data set, dividing the HSI
(145× 145 pixels) into 150 spatial patches based on the optimal
partition. The number of data is n = 1× 104, and the number
of land-cover classes is Ks = 16. The sampling is repeated
500 times for DPMM, DECA, and DSDP-MM. The last column
in Table VII shows the time cost in each training step.

VII. CONCLUSION

We have introduced the theoretical foundation of the DSDP,
with definitions and a mixture model designed for HSI mod-
eling. This method offers opportunities to model the variation
of different topics with reliable continuous SGP intensity and
lower computational cost inference. Moreover, the mixture
model is developed for the varying intensity of land-cover
topics among large-scale HSIs, and a consistency analysis for
the number of land-cover classes is provided, which illustrates
the consistency property for identifying HSIs. In addition,
experimental results with Salinas-A scene and Indian Pines data

5We perform the experiments on MATLAB 2015 b with the same computer,
i.e., Intel Core i7 CPU 920 at 2.67 GHz and 16-GB memory.

sets show that our algorithm has superior performance on the
unsupervised clustering compared with existing clustering and
spectral unmixing methods. The Botswana experiment demon-
strates that it has a more satisfactory performance compared
with the classic nonparametric algorithm, namely, DPMM,
and the state-of-the-art semisupervised land-cover clustering
algorithm, namely, SESSAMM.
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