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Abstract: Determining the optimal focal plane amongst a stack of blurred images in a short
response time is a non-trivial task in optical imaging like microscopy and photography. An
autofocusing algorithm, or in other words, a focus metric, is key to effectively dealing with
such problem. In previous work, we proposed a structure tensor-based autofocusing algorithm
for coherent imaging, i.e., digital holography. In this paper, we further extend the realm of
this method in more imaging modalities. With an optimized computation scheme of structure
tensor, a significant acceleration of about fivefold in computation speed without sacrificing
the autofocusing accuracy is achieved by using the Schatten matrix norm instead of the vector
norm. Besides, we also demonstrate its edge extraction capability by retrieving the intermediate
tensor image. Synthesized and experimental data acquired in various imaging scenarios such as
incoherent microscopy and photography are demonstrated to verify the efficacy of this method.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Optical imaging is an essential and significant technique for people to observe and thus understand
the real world. For an optical imaging system, such as photography or microscopy, only the
object structure captured at the focal plane, or in a broad sense, within the range of depth-of-focus
(DOF), is sharp and clear enough for the subsequent analysis. Structures positioning outside the
DOF are considered out-of-focus and thus blurry [1,2]. As is well known, an in-focus image is
essential and critical for researchers to perform semantic interpretation and clinical judgment in
research fields such as computer vision [3], microscopy [4,5] and digital pathology [6]. Therefore,
among a series of images with different amounts of blurriness, it is necessary to automatically
recognize the in-focus and sharp image by the use of some proper algorithms. Besides, in optical
imaging, abundant images are captured, transmitted and stored for post-processing. Especially
for living specimens investigation in microscopy and automatic focus in photography, searching
for the optimal focal plane in real time is essential and critical. As such, it is quite imperative to
accelerate the computation of autofocusing as fast as possible.

In the area of image processing, edges, which are essential structural features, contain abundant
connotation information such as steps, directional changes and the shape of a target. Edges
of an image can intuitively outline the target and reflect its local characteristics (grayscale,
depth, illumination, texture, etc.), enabling observers to understand the scenario in a more
straightforward way. As such, extracting the edge of an image is a basic procedure in image
processing and analysis for purposes of segmentation, target recognition and regional shape
extraction [7].
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Essentially, existing autofocusing methods can be categorized into two common groups, active
approach and passive approach [8,9]. The former uses a sensing equipment which can emanate
an indicating signal, such as an ultrasound wave or an infrared ray, to record the time of flight
between the source and the object of interest. The distance is then estimated according to
the transmission duration and the speed of the used ray. Or, with the help of computational
imaging principle, by involving additional specially designed hardwares, the focal plane can be
successfully determined [10]. The second approach is a direct employment of image processing
techniques. A stack of images with different focus settings is captured by an imaging system
under the same condition (viewpoint, illumination, etc.). With or without pre-processing the
captured images based on phase extraction and wavefront propagation [11,12], an autofocusing
algorithm is then applied to assess the degree of image sharpness or blurriness of these images
one by one. Such focus measure provides a maximum or minimum value, according to the
measurement is the image sharpness or blurriness, when the image is best in-focus. Therefore,
the well-focused position is attained with respect to the extreme value and the camera parameters
can then be adjusted accordingly for future acquisition [13].
However, both focusing groups have their own advantages and disadvantages. Even though

the active approach is fast, it requires an extra sensing equipment which is usually bulky and
expensive. The ray emanated from the equipment is harmful to biological specimens and induces
fluorescent molecules to be photobleaching. In addition, the maximal distance it can measure
is restricted due to the distortion and attenuation of light passing through the air. Despite the
passive approach relies only on the quality of captured images and thus is not subjected to the
restriction, the algorithm is computationally expensive in determining the sharpness or blurriness
of an image sequence. In the meantime, for a three-dimensional (3D) scene containing more than
one principal sections, when one section is in-focus, others are out-of-focus and act as defocus
noise. As such, current methods are unable to detect the individual distances correctly, or output
distorted autofocusing results [14]. In recent years, driven by the development of deep learning
and big data, learning-based autofocusing methods have been proposed [15–18]. However,
although effective, abundant training data is required in order to get a superior performance.
Consequently, they are not universal and not suitable for any scenarios.
Generally, an edge is defined as boundary pixels that connect two separate regions with

changing amplitude attributes such as different constant luminance and tristimulus values in an
image [19,20]. Therefore, the detection operation usually begins with the examination of the local
discontinuity at each pixel element. Commonly-used edge detectors base on various differential
operators, including the first- and second-order derivatives, and fitting models [21,22]. One
subgroup of the first-order derivative is evaluating the gradients generated along two orthogonal
directions. An edge is judged present if the gradient of the image exceeds a user-defined threshold
value. Another one is utilizing an elaborately-designed set of discrete edge templates with
different orientations. By convoluting the image with the template gradient array, the edge angle
is finally determined by the direction of the largest gradient. The second-order derivative bases
on the Laplacian operator and its derived templates, in which the Laplacian of Gaussian edge
detector is mostly used. As for the fitting model method, for an two-dimensional (2D) image, an
ideal 2D step function is first constructed in order to determine whether an edge appears. The
edge fitting detector, however, requires more computation in comparison with derivative-based
ones.

In this paper, to surmount the dependence of an autofocusing algorithm on a specific imaging
modality, on the basis of the method constructed with structure tensor and verified in coherent
imaging [13], we further expand the realm of this method to more imaging modalities, incoherent
microscopy and photography. To reduce the computational requirement which is mainly caused
by using the vector norm and the singular value decomposition (SVD) in calculating the
focus metric, we propose to utilize the Schatten norm of a matrix to avoid time-consuming
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eigendecomposition. Compared with the existing focus metrics, the proposed method not only
works for the single-sectional object, but also can handle more complex scenarios, for example, a
multi-sectional scene in which multiple focal planes exist in 3D. Besides, we also demonstrate
the edge extraction capability of this tensor-based method. The intermediate tensor image can
extract the edge information of the individual focal sections with a superior performance over
current edge detectors.

2. Problem formulation and existing methods

In this section, we introduce the formulation regarding the in-focus and out-of-focus images
captured by an imaging system, and present widely-used focus metrics as well as edge detectors
for subsequent comparison.

2.1. Imaging system

As is known, a linear and time-invariant optical imaging system, such as incoherent microscopy
and photography, can be generalized as Fig. 1, which demonstrates the in-focus and out-of-focus
geometry using a convex lens. Lights or rays radiating from an object are refracted by the lens
and thus converge onto the image plane where a detector is located to capture an image.

Fig. 1. (a) Image formation of a single-sectional object. Only on the focal/image plane of
the lens, the object in the image is in-focus. (b) Image formation of a multi-sectional object.
Even the image is captured on the focal/image plane of the lens, one object in the image is
in-focus, while another one is always out-of-focus.

As shown in Fig. 1(a), each point on the object plane is projected onto the image plane and
forms one single point. By collecting all the points on the image plane, a well-focused and sharp
image is then recorded. When the object or the camera is displaced by a distance, the point
originating from the object spreads out and forms a circularly symmetric disk, instead of a single
point. The distribution of the pattern leads to an out-of-focus image on the image plane, such that
details of the object will be lost and the spatial resolution will be lower. While in Fig. 1(b), a 3D
object that contains two discrete 2D objects at different axial positions is to be imaged. Since the
focal distance of the lens and the distance of the detector are fixed for a certain acquisition, on
the image plane, only one single section is in-focus while another section is inevitably defocused.
As such, the resultant image is always blurred [23].

In the mathematical viewpoint, under the coordinate system (x, y, z), shortened as (x; z), without
considering the noise, the image captured by an imaging system shown in Fig. 1 can be modeled
as

u(x) =
N∑

i=1
fi(x; z) ∗ hi(x; z), (1)

where u(x) denotes the captured 2D scalar image, N is the number of 2D objects to be imaged,
fi(x; z) is the 2D (when N = 1) or 3D (when N ≥ 2) unknown and ideal object, hi(x; z) represents
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the time-invariant point spread function (PSF) of the imaging system, and ∗ stands for the 2D
convolution [23]. For imaging systems such as microscopy and photography, the PSF hi(x; z) is
also space-invariant. Therefore, for a 3D object, if one section is captured clearly, other sections
at different longitudinal depths are out-of-focus and manifest as defocus noise.

2.2. Existing methods

2.2.1. Focus metrics

Numerous focus metrics have been proposed to evaluate the sharpness or blurriness of images.
Generally, image-based methods are categorized into four groups: derivative-based, statistics-
based, histogram-based and intuitive algorithms [24]. In this paper, we select four typical and
widely-used focus metrics from each group, i.e., the `1-norm of image gradient, variance, entropy
and image power, to compare with the proposed focus measure [25–28]. The definition of the
first selected focus metric, `1-norm of image gradient, is given as

M1 =

∫ ����ux

���� + ����uy

����dx, (2)

where ux and uy denote the gradient ∇u(x) = (ux, uy)
T at pixel x. The second metric, variance, is

defined as

M2 =

∫ (
u(x) − µ

)2
dx, (3)

where µ is the mean intensity of u(x). The third one is entropy and it reads

M3 =

∫
pi log2(pi)dx, (4)

where pi is the probability of a pixel x with intensity i. The last one is image power, which is
given as

M4 =

∫ (
u(x)

)2
dx. (5)

To quantitatively evaluate the performance of the individual autofocusing algorithms, we
take the unimodality, accuracy, reproducibility and range [29,30] as criteria. The unimodality
ensures that only one sole extremum exists at the focal position within the whole searching
range. When there are multiple focal planes, the unimodality still remains true with multiple
extrema, correspondingly. The accuracy measures the error between the real focus position
and the estimated position using a focus measure. The third one, reproducibility, is calculated
as the width at a high percentage, normally 80%, of the maximal value. A sharp top of the
extremum results in a good reproducibility. Last but not the least, the range describes how long
the extremum is tailed, and is computed as the full width at half maximum (FWHM). In the
following comparison, autofocusing values along the vertical axis are normalized within the
range [0, 1] for a better visualization.

2.2.2. Edge extraction

As discussed above, edge extraction is a classical problem in image processing and thus numerous
methods have been demonstrated. In this paper, similarly, we select four widely used edge
detectors, Sobel, Prewitt, Roberts and Canny, for qualititive and quantitative comparison with the
proposed structure tensor. Since they are well-established techniques, we refer readers to Ref.
[22] for the individual definitions and implementations.

For the performance evaluation of edge extraction, we use Pratt’s Figure of Merit (FoM) [31]
as a metric to examine edge extractors. FoM generates maximum performance for well localized
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and continuous edges, and penalizes for missing edge points and noise classified as edge pixels.
It is defined as

FoM =
1

max(II , IA)

IA∑
i=1

1
1 + αd2 , (6)

where II and IA represent the number of ideal and actual edge map points, α is a scaling constant
and d is the separation distance of an actual edge point normal to a line of ideal edge points. The
rating factor FoM = 1 means that the edge is precisely detected, while FoM = 0 means the worst
detection. The value of scaling factor, α, reflects the performance on edge localization and is set
as 1/9 by experience. A smeared edge is easier to be fixed than an offset edge since a smeared
edge can be thinned by morphological post-processing operation.

3. Acceleration and edge-preserving autofocusing

3.1. Formation of vector-norm-based autofocusing method

In communities of image processing and computer vision, structure tensor, also referred to as
the second-moment matrix, is a widely used tool for problems like corner detection, interest
point detection, and feature tracking. It is a matrix derived from the gradient of a function, or
more specifically, of an image, and summarizes the predominant directions of the gradient in a
specified neighborhood of a point, and the degree to which those directions are coherent [32,33].
For an image u(x), the 2D structure tensor S at pixel element x can be written as

S(x) = G(x) ∗
[
∇u(x)∇u(x)T

]
= G(x) ∗


(
∂u(x)
∂x

)2 (
∂u(x)
∂x

∂u(x)
∂y

)(
∂u(x)
∂y

∂u(x)
∂x

) (
∂u(x)
∂y

)2  ,
(7)

where ∇u(x) is the 2D spatial intensity gradient, [·]T denotes matrix transpose, G(x) is a 2D
Gaussian function that performs smoothing operation within a window [34,35]. The 2D structure
tensor S(x) ⊂ S2+ of an image at an image point x is a symmetric and semi-positive-definite
matrix, such that it has two positive eigenvalues, which lead to the importance of this concept.
Let λ+ = Λ+(S(x)), λ− = Λ−(S(x)), where Λ(·) denotes an operator getting the eigenvalues, and
θ+, θ− be the corresponding unit eigenvectors, thus we have λ+ ≥ λ− ≥ 0. The structure tensor
measures the geometry of image structures in the neighborhood of each point. Its eigenvectors
θ+ and θ− describe the orientation of maximum and minimum vectorial variation of u(x), and its
eigenvalues λ+ and λ− describe measures of these variations. Therefore the eigenvalues of the
structure tensor offer a rich and discriminative description of the local geometry of the image
[13].

More precisely, when both λ+ and λ− are relatively small, as the point x1 in Fig. 2 shows, the
variation around the point is small. This indicates that the region is homogeneous and flat, and
no change happens in all directions. When λ+ is large and λ− is small, as the point x2 in Fig. 2
shows, there are strong variations, but only in a dominant direction. There is no change along the
edge direction. Therefore, point x2 is located close to an edge, and its corresponding eigenvector
θ+ directs to the direction with the most significant change. When both λ+ and λ− are large, as
the point x3 in Fig. 2 shows, there are strong variations in all directions, implying that the current
point is close to an corner.
Based on the principle explained above, for a specific image u(x) ∈ Ω in a stack of N images

un(x), n = 1, 2, . . . ,N, at each pixel x we compute the structure tensor S(x) within a window
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Fig. 2. Sample points x1, x2, x3 denote the flat region, edge and corner, respectively. The
structure tensor at a point is visualized as an ellipse and its unit eigenvectors θ+, θ− and
eigenvalues λ+, λ− are depicted.

function G(x), the size of which is defined accordingly. The focus metric can be computed as

Mp(u) =
∫
Ω

��������λ��������
p
dx, (8)

where
��������λ��������

p
=

(∑2
i=1 λ

p
i

)1/p
.

3.2. Formation of matrix-norm-based autofocusing method

In the previous proposal, eigenvalues in Eq. (8) are calculated using SVD, which requires
significant calculation and thus time-consuming. To accelarate the computation, an alternative
definition of the focus metric is formulated as follows.
Equivalently, instead of using the vector norm, the matrix norm, or in other words, Schatten

norm, is utilized to define the focus metric here [36]. In general, suppose a matrix S ∈ CN1×N2

has the SVD S = UΛV†, where U and V are N1 × N1 and N2 × N2 unitary matrices consisting of
the singular vectors of S, Λ is an N1 × N2 diagonal matrix consisting of the singular values of S
respectively, and † denotes the conjugate transpose. The Schatten norm of order p of matrix S is
thus defined as ��������S��������

p
=

(min(N1,N2)∑
i=1

λp
i (x)

)1/p
=

[
Tr

(√(
S†S

)p
)]1/p

= [Tr (Sp)]1/p ,

(9)

where λi is the i-th singular value of S, which corresponds to the (i, i) entry of Λ, S† = S since the
structure tensor matrix S is real and symmetric, and Tr(·) is to acquire the trace of a matrix. As
such, an alternative formulatioin of the tensor-based autofocusing method can be also defined as

M′p(u) =
∫
Ω

��������S��������
p
dx. (10)

The Schatten matrix norm of order p corresponds to the `p-norm of the vector-norm of the
singular values of the matrix. Norms of an imagemeasure the image variationmore coherently and
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robustly than the gradient magnitude, as they take into account the variations in its neighborhood.
In the meanwhile, they incorporate richer information, since they depend both on the maximum
and minimum of the directional variation. In this way, this kind of representation is in general
better adapted to the image geometry. Therefore, provided we can obtain the p power of S,
the focus metric can be easily computed without implementing the time-comsuming SVD. In
the following computation, p is set to 3. Note that according to the massive trial and error
experiments, although this hyper-parameter changes the calculated sharpness M′p of an image u(x),
it does not affect the correctness of this method, meaning that the position where an extremum
occurs does not change.
We then theoretically analyze the acceleration by examining the computational complexity

of using matrix norm and vector norm. Since in Ref. [13], the eigenvalues of each matrix
through SVD and the `p-norm computation of the eigenvalues vector have to be computed. For
an N × N image, the computation of the structure tensor pixel-by-pixel requires O(2N2 log(N))
operations, while the computational complexity of SVD decomposition is of order O(N3)
[37]. Although conventional autofocusing algorithms include the elementwise operations, the
subsequent computation is normally of order O(N2). As such, the structure tensor-based method
leads to computational demanding compared to conventional autofocusing algorithms. In this
paper, we use Schatten matrix norm given in Eqs. (9) and (10), instead of the vector norm of
eigenvalues, to compute the focus metric. Since the structure tensor matrix S is a real and
symmetric matrix, it is diagonalizable as a result. Therefore, taking the p power can be done in
time of O(D(N) + N log(N)), where D(N) is the time to diagonalize a matrix and can be done in
O(log(N)) by using the parallel Jacobi algorithm.

4. Results

As discussed above, the proposed focus metric is a measure of image sharpness and can be used
to find the optimal focal plane in the problem of autofocusing. Therefore, this is a versatile tool
and independent of imaging systems. In the following sections, we will proceed to demonstrate
its capability in detecting (multiple) focal planes in incoherent microscopy and photography.

4.1. Microscopy

The first application is to find the focal plane among a stack of microscopy images. Here we use the
publicly available collection of microscopy image database BBBC0006v1 in the Broad Bioimage
Benchmark Collection [38,39]. The high-content screening microscopy images were acquired
using an ImageXpress Micro automated cellular imaging system (Molecular Devices, Sunnyvale,
CA). The database contains 52224 images totally, recording 384-well plates containing hunman
U2OS cells, each of which were stained with Hoechst 33342 and Alexa Fluor 594 Phalloidin
markers imaged with an exposure of 15ms and 1000ms for Hoechst and Phalloidin, respectively,
at 20× magnification and 2× binning, and 2 sites per well. Microscopic specimens are static
and images are captured in the fluorescent modality and a high signal-to-noise ratio (SNR) is
configured for a better observation. For a specific image stack, there are 34 images with 2 µm
between slices altogether, consisting of 696 × 520 pixels in 16-bit TIF format. For each site,
the optimal focus was found using laser autofocusing to find the well bottom. The automated
microscope was then programmed to collect a z-stack of 32 image sets. The in-focus image
should lie in between position 11 and position 23 [5].

Here we select two stacks of images of different cells, Hoechst and Phalloidin, as examples for
microscopic imaging system. Focal images of them are presented in Fig. 3, and the two stacks
of images are shown in Figs. 4(a) and 4(b). The Hoechst images are simpler and less complex
than the Phalloidin images. For each stack the 34 images are aligned in a 6 × 6 grid. From left
to right and from top to bottom, the microscopy image gradually turns sharp, and finally turns
blurry again. With our naked-eyes we can only tell which images are sharper, but it is difficult to
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assert at which position the image is best focused. Thanks to the autofocusing algorithms, we
are able to find out the optimal in-focus image with the sharpest and clearest texture for further
investigation like cytometry and cell segmentation.

Fig. 3. Focal images of (a) Hoechst at position 19 and (b) Phalloidin at position 20.

The focus measure results are shown in Figs. 4(c) and 4(d). According to the proposed method,
for Hoechst cell, the image at position 19 is in-focus, while for Phalloidin cell, position 20 is the
focal plane. The results are coincident to the information that the in-focus lies in plane 11 − 23,
given by the providers of the dataset. Although the five focus metrics have slightly different
candidates, they are still credible, except for the entropy of Phalloidin cell. Due to the complexity
and low variance of intensities in the sample, it has a wrong detection. Figures 4(e) and 4(f) give
the respective edge detections.
Tables 1 and 2 give the quantitative comparison results. We normalize the horizontal axis

to [0, 1] and compute the width. Since the actual and focal positions of the specimen are not
provided, the accuracy is denoted as “N/A” (not available). As can be seen in the tables, the
proposed autofocusing algorithm is unimodal and outperforms the rest in reproducibility and
range. The range of variance is “NaN”, since at the right-hand side of the maximum, the curve
does not reach half of the maximal value. These two tables demonstrate the superiority of the
proposed algorithm.

Table 1. Comparison of five autofocusing algorithms for Hoechst images

Algorithm Unimodality Accuracy Reproducibility Range

(fast) Structure tensor Yes N/A 0.0622 0.1120
Variance Yes N/A 0.1382 0.2536

Entropy No N/A 0.3030 0.3818

`1 gradient Yes N/A 0.1580 0.3591

Image power Yes N/A 0.1836 0.3484

To quantitatively verify the acceleration of the proposed fast method, we record the computation
time and the original SVD-based method by averaging the autofocusing time in Fig. 4. The
former consumes 2.438 s (about 14 frames per second@696×520), while the latter takes 12.267 s
(about 2.8 frames per second@696 × 520), on a PC with a CPU of Xeon W-2145@3.70GHz
with 8 cores. Without losing the accuracy of autofocusing, by using the Schatten matrix norm,
the proposed method can indeed speed up the whole calculation, in which parallel computing is
even not utilized. Such acceleration, therefore, can facilitate the employment of the proposed
method in real-time monitoring living specimens in microscopy.
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Table 2. Comparison of five autofocusing algorithms for Phalloidin images

Algorithm Unimodality Accuracy Reproducibility Range

(fast) Structure tensor Yes N/A 0.0600 0.1179
Variance Yes N/A 0.3014 NaN

Entropy No N/A 0.1699 0.2551

`1 gradient Yes N/A 0.1058 0.2311

Image power Yes N/A 0.1770 0.4066

Fig. 4. (a-b) Image sequences of the Hoechst and Phalloidin. (c-d) Focus measures of (a)
and (b). (e-f) Edge-preserving images of Hoechst and Phalloidin at the respective focal
plane.
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4.2. Photography

The second application is to determine the sharpness and focal plane in photography. In this
subsection, two examples, image processing of Gaussian and motion blur and two-sectional
imaging, are demonstrated.

4.2.1. Gaussian and motion blur

Gaussian blur andmotion blur are two commonly seen effects in image processing and photography.
As is known, a blurred image, no matter the blur is due to the Gaussian blur [40,41] or motion
blur [42], is less sharper. Among a stack of images, the sharpest image is always preferred and
needs to be found out. Thus we simulate the two kinds of blur and use focus metrics to determine
the best in-focus image. For the Gaussian blur, by increasing the standard deviation, the resultant
image becomes more blurry. While for the motion blur, we increase the length of pixels to
introduce more blur.
In Figs. 5(a) and 5(b), from top to bottom and from left to right, images are posed more and

more blurriness due to the increasing of Gaussian blur and motion blur. We then utilize the focus
metrics for autofocusing, and the focus curves for the two cases are shown in Figs. 5(c) and 5(d).
Note that the image at position 1 contains no blur and thus has the best quality compared to
blurred images. From Figs. 5(c) and 5(d) we can see that, as the amount of blurriness increases,
focus scores obtained with different methods decrease as expected. Although the five focus
metrics present competitive results visually, the tensor-based method drops to zero quickly. This
means that for the unimodality and accuracy, they have similar performance. The proposed
method, however, wins in the reproducibility and range. Detected edge images of the focal
ones, i.e., the original images, in Figs. 5(a) and 5(b) are demonstrated in Figs. 5(e) and 5(f),
respectively. As for the time consumption of the matrix-norm method and vector-norm method
using structure tensor, images here have a size of 512 × 512, such that the fast method needs
2.066 s, while the original method takes 13.581 s.

4.2.2. Two-sectional imaging

To verify the capability in searching optimal focal planes of a 3D scene, in Fig. 6(a), we construct
an object scene for image acquisition. Two discrete calendars, which are regarded as two sections,
are located at different longitudinal positions, having a slight overlapping region. A commercial
camera (Canon EOS 600D) was used to take totally 56 images under identical illumination and
setting (Exposure mode: Manual; Time: 1/40 second; Aperture: f # = 3.5; ISO: 400) from the
nearest point (in front of the first calendar) to the farthest point (on the back wall). The distance
between the two objects is around 47 cm, and there are 20 images in between. The autofocusing
result and selected images are shown in Figs. 6(b) and 6(c). For a clear visualization, we separate
the autofocusing result of the proposed method from other four metrics.
As the focus of the camera moves from the nearest position to the farthest position, the

blurriness of the two objects is also changing. In Fig. 6(b), only the `1 gradient outputs two
maximal points. However, the ripples in the curve bring artifacts and fake extreme values, and
make it difficult to formulate the autofocusing as an optimization problem for automatic searching.
While in Fig. 6(c), the curve is smooth and two maximal points are obviously manifested at
position 21 and position 41. The two maximums represent the two focal planes where the two
discrete sections are located. Such comparison clearly shows the superiority of the proposed
method. Besides, the extracted edge images in Figs. 6(d) and 6(e) give additional capability of this
method. Due to the overlapping, in Fig. 6(e) the lower right corner of the rear calendar is missing,
and the white line denotes the edge of the board and the table. Because of the pseudo-random
results and failure of other four focus metrics, only the proposed method can successfully find the
focal images, leading to the unavailability of quantitative comparison. However, from Fig. 6(c)
we can clearly see that the proposed method satisfies the unimodality and accuracy, and has
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Fig. 5. (a) Images blurred by a 2D Gaussian function of different standard deviations. (b)
Images added with motion blur of different lengths of pixels. (c-d) Focus measurements of
Gaussian blur and motion blur. (e-f) Edge detection images of Gaussian blur and motion
blur.
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Fig. 6. (a) Two-sectional object used in the experiment. (b) Autofocusing results using
other four focus metrics. (c) Autofocusing result with the proposed method, and images
with different blurriness are shown at each position (for full size images, we refer readers to
https://github.com/thomas0708/pictures2020). (d-e) Extracted edge images.

https://github.com/thomas0708/pictures2020
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superior performance in reproducibility (sharp top) and range (short tail). We also record the
computation speed of the proposed Schatten norm method and the original method to verify
its acceleration. For 56 images with a size of 5184 × 3456 within the stack, the fast method
consumes 43.769 s totally, and the original method takes 232.395 s. The improvement in time
consumption is about fivefold, indicating a significant acceleration in computation speed.

5. Discussions

In this section, we analyze the edge detection performance, characteristics, contrast invariance
and computational complexity, of the proposed algorithm.

5.1. Edge extraction comparison

In the above sections, we have shown that the structure tensor-based autofocusing method is
capable of extracting the edge information of an image. To further examine the performance
of its edge detection capability, we select four widely used edge detectors for qualitative and
quantitative comparison. In Fig. 7, edge images of the two-sectional objects obtained with the
four methods are demonstrated. Compared with Figs. 6(d) and 6(e), for a multi-sectional object
in which one section is in-focus while another one is out-of-focus and blur, except the Canny
extractor, other three methods and the proposed one can generate reasonable edge images.

Fig. 7. Extracted edge images of the two individual focal images at position 21 and 41 in
Fig. 6(a) using conventional detectors of (a) and (e) Sobel, (b) and (f) Prewitt, (c) and (g)
Roberts and (d) and (h) Canny.

Furthermore, to quantitatively evaluate the performance, we select an image, as shown in
Fig. 8(a), from the Berkeley Segmentation Data Set (BSDS300) [43]. Since its corresponding
human-labeled contour map is available and given in Fig. 8(b), therefore the FoM can be
calculated for a quantitative comparison. Edge images acquired with the individual extractors are
shown in Figs. 8(c)–8(g), and the respective FoM values are given in Table 3. From an illustrative
viewpoint, for a single-sectional and in-focus image, all the five extractors can give a reasonable
result. However, from the FoM values we know that, the structure tensor-based method performs
the best and is thus superior to other four methods. Besides, to quantify the time consumption
of the accelerated method and the original one in detecting edges, respective running time on
Fig. 8(a) is tested. The image size is 481 × 321, and the fast method consumes 86.1ms, while the
original one takes 124.2ms. Acceleration in edge detection is therefore verified. Although other



Research Article Vol. 28, No. 10 / 11 May 2020 / Optics Express 14725

four conventional edge extractors have a relatively less running time (all are around 50ms), their
FoM results are greatly lower than the proposed method.

Fig. 8. (a) A natural image and (b) ground-truth contour map. Extracted edge images using
detectors of (c) Sobel, (d) Prewitt, (e) Roberts, (f) Canny and (g) structure tensor.

Table 3. Comparison of FoM values among five edge detectors in Fig. 8.

Method (fast) Structure tensor Sobel Prewitt Roberts Canny

FoM 0.6602 0.1939 0.1944 0.2393 0.2133

5.2. Monotonicity and unimodality

A basic requirement for a focus metric is that within a searching range or among a sequence
of images, the extremum is reached only at the focal plane. For a single-sectional scenario,
out-of-focus images should have a lower/higher (depending on the characteristic of the focus
metric) score than the in-focus image. Such feature leads to the so-called monotonicity and
unimodality. This is also true for a multi-sectional scene where monotonicity holds before and
after an extremum, and unimodality guarantees one focal plane corresponds one extremum.
Multiple ripples or fluctuations lead to a failure of correctly recognizing focal planes.
We have shown that for the case of p = 1, when a larger degree of blurring occurs, a

smaller value of Mp(u) will be obtained [13]. Consequently, such argument ensures demands of
monotonicity and unimodality. For a higher order of p, according to the Minkowski inequality,
the `p-norm in the Lp space is convex for any p ≥ 1. Additionally, we know that the integral of
the `p-norm does not change its convexity. As a consequence, the structure tensor-based focus
metric is also convex [44]. This property results in the unimodality within the range of in-focus
and out-of-focus positions. As such, the monotonicity is also guaranteed when the blurriness
increases or decreases monotonically.

5.3. Contrast invariance

Invariance requirements play a central role in image analysis because the objects must be
recognized under varying conditions of illumination (contrast invariance) and from different
points of view (projective invariance). Although in this paper, we are dealing with images
acquired at one fixed point of view and thus fixed illumination. Therefore, for a focus metric, it
is neccessary to guarantee the invariance of contrast amongst an image sequence. Suppose the
contrast level of an N × N image f (x, y) is globally modified by a positive factor α, we then have
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a new image g(x, y) = αf (x, y). Then the contrast invariance can be achieved by normalizing the
new image g(x, y) with its energy as

g̃(x, y) =
g(x, y)√∑N

x=1
∑N

y=1[g(x, y)]2

=
αf (x, y)√∑N

x=1
∑N

y=1[αf (x, y)]2

=
f (x, y)√∑N

x=1
∑N

y=1[f (x, y)]2

= f̃ (x, y).

(11)

As such, the focus metric derived from the normalized stack of images is guaranteed to be
contrast invariant. This pre-processing step is normally included before the computation of focus
metric, and is crucial particularly for images captured under different illumination conditions to
provide more consistent results.

6. Conclusion

In this paper, we propose an optimization strategy to accelerate the computation of structure
tensor for autofocusing. Main contributions lie in three aspects: (1) By using the Schatten matrix
norm instead of the vector norm, time-consuming eigenvalue decomposition is avoided and
the computation speed can be significantly improved by about fivefold. (2) The efficacy of the
tensor-based autofocusing method is verified in two typical incoherent imaging modalities, the
wide-field microscopy and photography. The realm of this method is expanded. (3) Compared
to conventional autofocusing methods, an additional capability of the proposed method in edge
extraction by using the intermediate tensor image is demonstrated. Qualitative and quantitative
comparison demonstrate that this method outperforms the existing focus metrics in autofocusing,
especially for the scenario where multiple focal planes exist. This method also gives the best
edge extraction results compared with the widely used edge detectors.
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