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Abstract: Since optical sensors cannot detect the phase information of the light wave, recovering
the missing phase from the intensity measurements, called phase retrieval (PR), is a natural and
important problem in many imaging applications. In this paper, we propose a learning-based
recursive dual alternating direction method of multipliers, called RD-ADMM, for phase retrieval
with a dual and recursive scheme. This method tackles the PR problem by solving the primal
and dual problems separately. We design a dual structure to take advantage of the information
embedded in the dual problem that can help with solving the PR problem, and we show that it
is feasible to use the same operator for both the primal and dual problems for regularization.
To demonstrate the efficiency of this scheme, we propose a learning-based coded holographic
coherent diffractive imaging system to generate the reference pattern automatically according
to the intensity information of the latent complex-valued wavefront. Experiments on different
kinds of images with a high noise level indicate that our method is effective and robust, and can
provide higher-quality results than other commonly-used PR methods for this setup.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

In many imaging applications, such as crystallography [1], optical imaging [2], microscopy [3]
and digital holography [4,5], phase information reveals important properties of an object. For
example, in biological imaging, if the sample is transparent, the intensity of the transmitted
light may change slightly, but its phase can vary significantly, giving a better representation of
this sample. However, conventional photodetectors are only sensitive to the number of photons
instead of phase information. The missing phase of the measured image plays a critical role in
the whole image reconstruction process. As shown in [6], if only the Fourier phase of an image
is changed, the reconstructed image after inverse Fourier transform can be quite different. This is
a recurrent problem in optical imaging. We need to estimate the phase accurately in order to
achieve a good image reconstruction. This problem is called phase retrieval (PR), since we try to
recover the phase information from intensity-only measurements.

PR is an inverse imaging problem, which aims at recovering an unknown signal from the
intensity measurements. The general phase retrieval problem tries to find a latent image x from
the intensity measurement y, given by

y = |Ax| + ϵ , (1)

where y ∈ Rm is the vectorized intensity-only measurement [7], |·| is the element-wise magnitude
operation, A is the known forward imaging operator, ϵ is the additive noise, and x ∈ Cn is the
vectorized complex-valued latent image. Due to the existence of the magnitude operation, this
is typically a non-linear problem. If the phase information of Ax is obtained, then x can be
calculated by inverting the forward imaging process. PR is also highly under-determined, since
if x̃ is a possible solution, then after any phase shift, it also complies with the measurement
constraint. Hence, it is necessary to choose a proper solution from these possibilities according
to some prior knowledge.

Depending on the applications, the forward imaging models may often be different. Neverthe-
less, it is often the case that A represents the discrete Fourier transform (DFT). According to the
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optical diffraction theory [8], the far-field image is given by the Fourier transform of its near-field
image with a known phase factor. That makes it possible to recover the phase information from
its far-field image with numerical algorithms. This is the basis of coherent diffractive imaging
(CDI). In CDI, the oversampled far-field image of an object illuminated by a coherent wave is
recorded, and then PR algorithms are used to recover the object.

We propose here an approach to tackle the PR problem that is simultaneously model-based and
with data-driven components. The main contributions of this paper are summarized as follows:

• We solve the complex-valued PR optimization problem directly based on a dual alternating
direction method of multipliers (D-ADMM) scheme [9]. We design a dual structure to
take advantage of the information embedded in the dual problem which can provide help
to the primal problem.

• Since it is challenging to design an explicit regularization function to the complex-valued
images, we instead use a data-driven approach by means of a U-net. We show with
mathematical derivations that it can act as a regularization function and compute its
Fenchel conjugate using the same network.

• The proposed recursive dual alternating direction method of multipliers (RD-ADMM)
scheme is applicable for various PR problems. To show its effectiveness, we apply it to
the holographic coherent diffractive imaging (HCDI) system. Since the reference pattern
is undetermined, we use a learning-based approach to find proper reference patterns for
different objects according to their intensity information.

The rest of this paper is organized as follows. Section 2 gives a brief review of the PR problem
and CDI. Section 3 develops the general mathematical model for PR and shows how it is combined
with D-ADMM and the use of neural networks. Section 4 presents the idea and mathematical
model for coded holographic coherent diffractive imaging (CHCDI). Numerical experimental
results for different kinds of images are also shown in this section. Finally, section 5 draws some
conclusions.

2. Related work

2.1. Phase retrieval

PR is a non-convex problem and therefore it is not easy to find a proper solution directly.
Alternating projection methods are first used to solve this problem. In 1972, Gerchberg
and Saxton presented a technique that attempts to optimize the reconstruction results in the
measurement domain and real image domain alternately [10]. An initial random phase is added
to the measured image and then inverse transformed to the real image domain. After considering
its support, the revised image is then transformed to the measurement domain to update the phase
attached to the measurement image. The whole process is repeated until convergence. Fienup
made a significant improvement to the update step in the real domain, and the new method is
called hybrid input-output algorithm (HIO) [11]. This method is widely adopted in many PR
applications. Generally, the initialization step is important for these algorithms. A variety of
initializations are required to improve the reconstruction results.

Optimization methods can also be used to handle the PR problem. Since the intensity
measurement is related to the rank-one matrix X = xxH , a rank minimization problem can be
solved to obtain X and then x by singular value decomposition (SVD). This is called PhaseLift [12].
A main advantage of this approach is that it can be relaxed as a convex problem. However, since
it considers the higher-dimensional optimization problem, it usually needs more computation
than alternating projection methods.

Another approach is to solve the non-convex PR problem directly. Wirtinger Flow (WF)
[13] adopts the gradient descent method to solve this problem. Recently, alternating projection
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methods related to optimization are also used to tackle the PR problem, such as using alternating
direction method of multipliers (ADMM) [14] and proximal algorithms [15]. The complex-valued
image is separated into the real part and the imaginary part, and then these methods can handle
the two sub-problems respectively in the real domain.

With the development of deep learning [16,17], some end-to-end neural networks are trained
to solve PR problems, such as convolutional neural network (CNN) [18], U-net [19], etc. These
methods need large datasets for training, and often it is not easy to obtain sufficient images.
To generalize the application of learning-based methods, neural networks are combined with
iterative conventional methods [20,21]. For example, prDeep [22] puts the imaging model and
external denoiser in the loss function and a DnCNN network is trained based on the regularization
by denoising (RED) [23]. Plug-and-play ADMM (PnP-ADMM) [24] directly combines a trained
denoiser with the conventional ADMM iterations, and this idea is also commonly used in other
inverse imaging problems [25,26]. These model-based networks are easily trained and available
for different kinds of PR problems, or even other inverse imaging problems [27]. They also
require fewer training images than end-to-end networks.

2.2. Coherent diffractive imaging

CDI is a lensless imaging system that can infer the phase information from the far-field intensity
measurements [28]. A typical CDI system is depicted in [2]. Coherent light is used to illuminate
the target object. A photodetector, such as a charge-coupled device (CCD), can capture its
far-field intensity pattern. The captured image is the squared intensity of the latent image after
an oversampled DFT. The oversampling rate has a great impact on the uniqueness of the final
reconstructed image. At least twice the Nyquist frequency is required for CDI, and the sampling
rate should be higher when considering the effect of noise [29].

According to Fourier theory, the center region in a CDI diffraction pattern is related to
the low-frequency part in the latent image, but the high-frequency part contains rich texture
information. In real CDI applications, a beam stop is adopted to remove the overexposed center
region and enhance the capture of other regions.

Sometimes, a far-field image is not easy to obtain due to the requirement on distance. Near-field
diffraction images can also be used in CDI, in a setup known as Fresnel CDI [30]. This is more
complex, since the diffraction image is also related to the actual distance between the object and
the imaging plane.

CDI was first used in crystallography [31], since periodic objects would lead to peaks in the
diffraction images. With the development of X-ray sources, X-ray free electron laser (XFEL)
is now widely-used in CDI, since it requires no additional optical elements for imaging. Miao
et al. [32] first extended CDI to non-periodic objects in biological imaging. Recently, some
researches focus on the improvement of light sources [33] and imaging setups [34] to provide
high-resolution images.

In conventional CDI setup, no prior knowledge of the object plane is available. The supports
required by the PR algorithms are usually user-defined. To simplify the PR process and increase
its efficiency, masks with known coding patterns are used in CDI [35], such as a random mask
[36], pinhole array [37], coded aperture [38], etc. Such setups are regarded as a combination of
in-line holography and CDI, since the coded element is set between the object and the image
sensor.

Another possibility is to put a known object, regarded as a reference pattern, in the object
plane, and then use the conventional CDI for imaging. A typical setup is presented in [39]. This
is known as holographic CDI (HCDI), as the object light interferes with another known reference
light. The known reference can be regarded as a support for the PR algorithms [40]. Note that
the imaging setup for HCDI mentioned above is different from [41], which is actually a fusion of
a hologram and a CDI image.
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3. Phase retrieval via D-ADMM with deep learning

3.1. Phase retrieval problem formulation

As shown in Eq. (1), solving the PR problem means finding a latent image x whose magnitude,
after a known imaging process A, produces the measurement y. If the phase information of y,
denoted as ω, is known, then x is obtained after an inverse step. The relationship between x and
ω is

Ax = y ◦ ejω + e, (2)

where j is the imaginary number, ω is the unknown phase, ◦ is the element-wise product and e is
the additive noise. Due to noise, a real-valued regularization function R(·) is required to find a
proper solution that agrees with the prior knowledge [42]. Generally, the regularization function
can be either a manually-designed function or replaced by a neural network. The PR problem
with regularization can be stated as

minimize R(x) + γ
2
∥e∥2

2

subject to Ax = y ◦ ejω + e,
(3)

where γ is a scale parameter. This is not a linearly constrained optimization problem due to the
existence of an exponential function. If ω is restricted on the region [0, 2π), then ω is unique
given ejω , and the term ejω can be regarded as a new variable φ. Now the PR problem is a
linearly constrained optimization problem

minimize R(x) + γ
2
∥e∥2

2 + I(φ)
subject to Ax − y ◦ φ = e,

(4)

where I(φ) is the unit-circle indicator function

I(φ) =
⎧⎪⎪⎨⎪⎪⎩

0 , |φ | = 1

∞ , otherwise
, (5)

and 1 is a column vector with all the elements equal to 1. Since I(φ) is a non-convex function,
the whole optimization problem is also non-convex.

Following the same idea as in the conventional Lagrange multiplier method [14], we can obtain
the unaugmented Lagrangian as [43]

L(x,φ, e,λ) = R(x) + I(φ) + γ
2
∥e∥2

2 + Re[λH(Ax − y ◦ φ − e)], (6)

where Re(·) is the real part of a complex number, λ is the Lagrange multiplier and (·)H is the
Hermitian operator. Now the problem is a min-max problem [44]

{λ∗, x∗,φ∗, e∗} = arg max
λ

min
{x,φ,e}∈D

L(x,φ, e,λ), (7)

where D is the domain of {x,φ, e}. The general problem we consider in this paper is such a
generic saddle-point problem which has a typical corresponding dual problem [45].

3.2. Dual ADMM solution

In the dual theory, λ is also known as dual variable. Most algorithms deal with Eq. (6) directly
and the dual variable λ is updated by a simple dual ascent step based on the values of the primal
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variables. In this paper, following the idea of dual ADMM [9], we try to find the value of λ based
on the dual problem, which can give better results than the simple gradient ascent step.

To tackle the min-max problem above, we divide it into a minimization step and a maximization
step, and then solve them alternately. The former is called the primal problem, because x is
the primal variable we are most concerned with. The latter is called the dual problem, because
it is only related to the dual variable λ. These two problems can be solved respectively by
ADMM. Taking advantage of the duality between these two problems, the approach, known as
dual ADMM, can be used to solve the whole min-max problem [9].

First we consider the primal problem. In this sub-problem, if we consider the form in Eq. (6)
directly, then there are only linear terms considering the variable φ and it is not easy to find an
optimal value of φ in each step since the gradient of φ is not related to φ, so we add a quadratic
term ∥Ax − y ◦ φ − e∥2

2 here. According to the property of the Lagrangian method, if an optimal
solution is found, then this quadratic term is also 0. Hence it will not change the solution of this
primal problem. To separate the unknown R(x) from the other known operators, an auxiliary
variable u is used. The primal problem is

minimize R(u) + I(φ) + γ
2
∥e∥2

2 + Re[λH(Ax − y ◦ φ − e)] + ρ
2
∥Ax − y ◦ φ − e∥2

2

subject to u − x = 0,
(8)

where ρ is the penalty parameter.
For convenience, we use a regularization function R(·) where ∇R(·) exists and ∇ is the

Wirtinger derivative [46]. Accordingly, we can obtain the following iterations

u(k+1) = x(k) − 1
ρ1

∇R(u(k+1)) − µ(k)
1 (9)

x(k+1) = (ρ1I + ρAHA)−1[AH(ρy ◦ φ(k) + ρe(k) − λ1) + ρ1(u(k+1) + µ1
(k))] (10)

φ(k+1) = Hy

(︃
1
ρ
λ1 + Ax(k+1) − e(k)

)︃
(11)

e(k+1) =
1
γ + ρ

[λ1 + ρ(Ax(k+1) − y ◦ φ(k+1))] (12)

µ1
(k+1) = µ1

(k) + u(k+1) − x(k+1), (13)

where I is the identity matrix, λ1 =
1
2λ, µ1 is the scaled Lagrange multiplier, ρ1 is the penalty

parameter, and Hy(·) is an element-wise normalization operator defined as

Hy(s)(i) =
⎧⎪⎪⎨⎪⎪⎩

s(i)/y(i)
|s(i)/y(i) | , y(i) ≠ 0, s(i) ≠ 0

1 , otherwise
, (14)

and i refers to the ith element.
Now we consider the dual problem. The Fenchel conjugate of a real-valued function with

complex variable R(·) is defined as

R∗(r) = sup
q

G(r, q), (15)

where G(r, q) is
G(r, q) = rHq + qHr − R(q). (16)
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The regularization function must be a real-valued function to evaluate the reconstruction
results. We first deal with the indicator function I(φ). Its Fenchel conjugate is

I∗(w) = sup
|φ |=1

{Re{2wHφ}}

= sup
θ
{Re{2wHejθ}} = 2∥w∥1.

(17)

According to the definition of the conjugate function, the dual problem can be formulated as

minimize R∗(z1) + 2∥z2∥1 +
1

2γ
∥λ1∥2

2

subject to Mz1 + λ1 = 0,
z2 − y ◦ λ1 = 0,

(18)

where z1 and z2 are auxiliary variables, M = (AAH)−1A since AAH is invertible under mild
conditions [47].

Following the same method and requirement that ∇R∗(·) exists as in the primal problem, we
have

MHMz1
(k+1) = −MH(λ1

(k) + µ2
(k)) − 1

ρ2
∇R∗(z1

(k+1)) (19)

z2
(k+1) = S 2

ρ3
(y ◦ λ1

(k) − µ3
(k)) (20)

λ1
(k+1) = 1 ⊘ (ρ3y ◦ y + ρ21 + 1/γ) ◦ [ρ3y ◦ (z2

(k+1) + µ3
(k)) − ρ2(Mz1

(k+1) + µ2
(k))]

(21)

µ2
(k+1) = µ2

(k) +Mz1
(k+1) + λ1

(k+1), (22)

µ3
(k+1) = µ3

(k) + z2
(k+1) − y ◦ λ1

(k+1), (23)

where ⊘ is the element-wise division, S is the soft-thresholding operator [48], µ2, µ3 are the
scaled Lagrange multipliers and ρ2, ρ3 are the penalty parameters. We refer to it as the D-ADMM
scheme for phase retrieval.

3.3. Learning-based approach

In this section, we develop a learning-based approach to compute the undetermined part in the
D-ADMM scheme.

Although the regularization function is constrained to satisfy the condition that ∇R(·) exists,
there is room for designing such functions. Learning-based methods can help to arrive at a
solution that is potentially better than a handcrafted one [26].

To take advantage of the relationship between R(·) and R∗(·), we first find the connection
between the u-update step and the z-update step. According to the definition of the conjugate
function, the necessary condition of the optimization problem in Eq. (15) is

r = ∇R(q). (24)

Now the conjugate function R∗(r) can also be regarded as a function of the variable q with
reference to Eq. (24) as R∗(∇R(q)). Using the chain rule of differentiation, we have

∂R∗

∂q =
[︃
∂r
∂q

]︃H
∂G
∂r +

∂G
∂q (25)

=

[︃
∂r
∂q

]︃H
q + r − ∇R(q) =

[︃
∂r
∂q

]︃H
q (26)
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∇R∗(r) =
(︃
∂q
∂r

)︃H
∂R∗

∂q = q, (27)

then
r = ∇R(∇R∗(r)). (28)

Substituting Eq. (28) into the z1-update step, we have

s + ρ2MHM∇R(s) = −ρ2MH(λ1
(k) + µ2

(k)), (29)

where s = −ρ2(MHMz1
(k+1) +MHλ1

(k) +MHµ2
(k)).

Now we use a neural network xn = f (yn, S1) to find the solution of such a problem

S∇R(xn) + xn − yn = 0, (30)

where S is a matrix with a compatible dimension. If f is determined, then the regularization
function is defined indirectly by Eq. (30). The left side of Eq. (30) is actually the derivative of a
proximal problem

∇xn [SR(xn) + 1
2
∥xn − yn∥2

2 ] = S∇R(xn) + xn − yn (31)

and the neural network xn = f (yn, S1) = proxSR(yn) is actually a proximal operator [49].
Comparing Eq. (29) and Eq. (30), we can find xn = s, S = ρ2MHM and yn = −ρ2MH(λ1

(k) +
µ2

(k)). Similarly, Eq. (9) can also be converted to Eq. (30) with xn = s, S = 1/ρ1I and
yn = x(k) − µ1

(k).
Then the two update steps are

u(k+1) = f
(︃
x(k) − µ1

(k),
1
ρ1

I1
)︃

(32)

z1
(k+1) = (−ρ2MHM)−1[f (−ρ2MH(λ1

(k) + µ2
(k)), ρ2MHM1) + ρ2MH(λ1

(k) + µ2
(k))]. (33)

The input of the neural network is separated into two channels according to its real and
imaginary parts.

Finally, the whole algorithm is summarized in Algorithm 1. A more intutive description
is shown in Fig. 1. We call the proposed method RD-ADMM, due to the recursive iterative
structure. Since the input and output of the network have the same dimension, we refer to U-net
[50] as the network structure, which is the same as the unrolled network in [51]. The complete
network structure is presented in Supplement 1. Compared with the plug-and-play ADMM
[52], RD-ADMM relies on end-to-end training with shared weights across iterations. All the
undetermined parameters, including networks (as well as the reference generation network)
and the parameters in the optimization steps, are trainable in the training process based on the
differences between the estimated image and the ground truth, instead of plugging in a trained
denoiser directly. All the weights are trained with the known forward model, which is more
suitable to the problem at hand than the pre-trained denoisers.

https://doi.org/10.6084/m9.figshare.22074011
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(a)

� � � � �

(b)

Fig. 1. Structure of the RD-ADMM scheme. (a) The whole recursive structure, the variables
u(0), x(0), e(0), z1

(0), z2
(0),λ1

(0), µ1
(0), µ2

(0), µ3
(0) are set as zero vectors, and φ(0) is set as

1. (b) Structures of the dual and primal iterations. The network structure is related to z1 and
u, and its parameters remain the same across all the iterations.The value of λ1

(k) as the input
of the kth Primal comes from the result of the kth Dual on the left.

Algorithm 1. Recursive neural network structure related to D-ADMM for phase retrieval (RD-ADMM)
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4. Numerical experiments

4.1. Coded holographic coherent diffractive imaging

Up to this point, the RD-ADMM scheme is applicable to different kinds of PR problems. To
show the effectiveness of this method, we refer to the CDI setup. In conventional CDI, only the
location of the target object is used as the constraint in the object plane. In this paper, we focus
on a modification called HCDI, where a known reference pattern is used as a hard constraint in
the phase retrieval algorithms.

Nevertheless, how the reference pattern is selected still remains an open problem. In this paper,
we refer to the learning-based approach to find an optimal reference pattern. We assume that the
reference pattern is intensity-only and has the same size as the latent image. Since the intensity of
light is easier to be detected and modulated than the phase, a trained network is expected to give
a reference pattern according to the noisy intensity information of the latent image. The network
we use here is also a U-net [50] with two downsampling steps, which is shown in Supplement 1.
The whole imaging system is denoted as coded HCDI (CHCDI) [53].

4.2. Mathematical model and datasets

Following the CDI setup, the system matrix A is specified as an oversampled DFT matrix F,
leading to the conventional Fourier phase retrieval problem, then the matrix M in Eq. (18) makes
Mv the oversampled DFT of v and MHv the downsampled DFT of v.

Training images are generated from the PatchCamelyon benchmark [54]. 3000 images are
randomly selected and resized to 128 × 128 as the input images. The corresponding phase
images are randomly generated. These two parts are combined together as the latent image x.
The reference pattern is provided by a U-net with reference to the intensity information of x. A
4× oversampled DFT is used to generate the intensity image obtained by the detector and the
additional Gaussian noise with a 10% noise level is added to the generated images.

The test set is generated using another 1000 clear images from the PatchCamelyon benchmark.
It contains 4 kinds of ground truth images: intensity-only image, intensity image with random
phase, phase-only image, and phase image with random intensity. The inputs are the simulated
diffraction pattern and the reference mask.

The loss function is designed as

L(x, x0) = ∥Re(x) − Re(x0)∥1 + ∥Im(x) − Im(x0)∥1, (34)

where Im(·) is the imaginary part of a complex number and x0 is the ground truth image.
The number of iterations is set as 10 and the initial learning rate is 0.0001. The optimizer is

Adam [55] and 100 epochs are required. All the experiments are conducted on a computer with
2.2 GHz Intel Xeon 4210 CPU and NVIDIA Tesla V100 (32Gb memory).

4.3. Different kinds of images

In a complex-valued image, meaningful information may be embedded in the intensity part or the
phase part, or both. In this section, we consider four kinds of images according to their intensity
and phase features.

4.3.1. Intensity-only image

An intensity-only image means the intensity part contains all useful information and the phase is
always zero. Since the phase information of the latent image is unnecessary, these images can be
captured by conventional cameras directly.

https://doi.org/10.6084/m9.figshare.22074011
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If the latent image is intensity-only then it can be expressed as

x0 = xclear ◦ ej0 = xclear, (35)

where 0 is a column vector with all the elements equal to 0 and xclear is the clear real-valued
image in the original dataset.

4.3.2. Intensity image with random phase

A more general situation is an intensity image with a noisy phase. The latent image can be
expressed as

x0 = xclear ◦ ejη , (36)

where η is a noisy column vector. Due to the noisy phase image, the real and imaginary images
are also noisy. It is not easy to solve this kind of PR problem by separating it into the real and
imaginary sub-problems, since the real and imaginary images do not comply with commonly-used
image priors.

4.3.3. Phase-only image

Now we consider the phase-only images, which are different from those in the training process.
The information is embedded in the phase and the intensity is a constant. The latent image is

x0 = c·ejxclear , (37)

where c is a constant. Since the intensity image contains no information, the reference-generation
network has the same output for all these images.

4.3.4. Phase image with random intensity

As for the phase image with random intensity, the latent image can be described as

x0 = η ◦ ejxclear . (38)

In this case, the mask is generated according to the random intensity information only, and no
information related to the clear image is available for the mask generation network.

To show the performance of RD-ADMM on the whole dataset, we calculate the average peak
signal-to-noise ratio (PSNR) and structural similarity index (SSIM) [56] of all the reconstructed
images in the testing dataset. When calculating these metrics, the real and imaginary parts of the
complex numbers are regarded as two channels. Results are shown in Table 1. For all kinds of
images, our method can achieve phase retrieval results with good quantitative evaluations.

Table 1. PSNR and SSIM of the RD-ADMM PR results for 4× CHCDI

Types PSNR (dB) SSIM

Intensity-only image 36.76 0.949

Intensity image with random phase 33.88 0.969

Phase-only image 34.62 0.819

Phase image with random intensity 35.65 0.936

The error curves of the RD-ADMM method are also shown in Fig. 2. The relative error
evaluates the differences of x between two successive iterations, and data error shows the distance
of the retrieved image to the captured image in the measurement domain. As is shown in Fig. 2,
both of them decrease gradually, but the data error is finally not close to 0 due to the existence of
the additive noise.
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Fig. 2. Error curves of the RD-ADMM method. x-axis: the number of iterations; y-axis:
(a) relative error: ∥x(k) − x(k−1)∥2, (b) data error: ∥|Fx(k) | − y∥2.

4.4. Comparison with other methods

This section shows the performances of other PR methods on the CHCDI system for comparison.
The oversampling smoothness (OSS) [57] exploits the correlation information of the pixels in
the real space and then spatial frequency filters are used in the iterations. HIO is a classical
method which can optimize the reconstructed images in the real and Fourier domains [11].
Both BM3D-prGAMP [58] and prDeep [22] adopt trained denoisers as prior knowledge in the
iterations. REF-CDI [40] is a deconvolution process based on the correlation between the latent
image and the reference pattern. Conventional PnP-ADMM is derived in the real domain. To
make it consistent with the CHCDI system, we extend it to the complex domain for comparison.

Since other PR methods mainly consider intensity-only object, for fairness, we only consider
the intensity-only image as the latent image. Besides, the reference pattern is randomly selected
as a binary mask, i.e. the intensity information is unavailable to all of these methods, but the
random mask is known to all of them. For RD-ADMM∗, we also use a randomly-generated mask
instead of a mask generated by the trained network for fair comparison.

We train an unrolled recursive ADMM network (R-ADMM) based on the original ADMM
iterations as well. R-ADMM has a mask generation network and a regularization network with
the same network structures as RD-ADMM. Both R-ADMM and RD-ADMM are trained with
the dataset for intensity images with random phase.

The reconstruction results of the 4× CHCDI system for intensity-only object are shown in
Fig. 3. It shows that OSS, BM3D-prGAMP, HIO and prDeep algorithms fail to give proper
reconstructed images with a random reference pattern. REF-CDI method is sensitive to high-level
noise. PnP-ADMM needs 30 iterations to provide a reasonable image.

The PSNR and SSIM of these reconstructed results, as well as their processing time for each
diffraction pattern, are shown in Table 2. Among these methods, RD-ADMM achieves the best
performance. Comparison between RD-ADMM and R-ADMM also shows the advantage of the
dual structure. Besides, we can see that the results of RD-ADMM have a much higher PSNR
and SSIM than RD-ADMM*, which shows the power of the reference generation network. The
network can help to design different reference patterns for different objects, which is helpful
for the phase retrieval process. For the processing time, learning-based methods need less time
due to parallel computing. Conventional methods, such as HIO, usually require hundreds of
iterations to converge, and hence they need more time.
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(a) OSS (b) prGAMP (c) HIO (d) prDeep (e) REF-CDI

(f) PnP-ADMM (g) RD-ADMM∗ (h) R-ADMM (i) RD-ADMM (j) GT

Fig. 3. PR results of mimivirus CHCDI image using different algorithms (PSNR(unit:dB),
SSIM). OSS (7.61,0.053), prGAMP (12.81,0.226), HIO (9.97, 0.337), prDeep (17.36,0.421),
REF-CDI (24.25,0.551), PnP-ADMM (27.65,0.967), RD-ADMM∗(28.18,0.899), R-ADMM
(37.17,0.969) and RD-ADMM (37.85,0.984). RD-ADMM provides the best visual result,
the corner of the RD-ADMM* result has clear artifacts, and some textures of the virus are
missing for the R-ADMM result, as indicated by the arrow in the figure.

Table 2. Quantitative evaluations of the PR results with
different algorithms

Methods PSNR (dB) SSIM Time (s)

OSS 7.45 0.034 18.415

BM3D-prGAMP 12.68 0.113 160.43

HIO 9.95 0.178 13.111

prDeep 17.14 0.241 34.82

REF-CDI 22.63 0.728 0.726

PnP-ADMM 23.95 0.809 0.221

RD-ADMM* 25.03 0.824 0.101

R-ADMM 35.96 0.941 0.073
RD-ADMM 36.76 0.949 0.102

4.5. CHCDI with different upsampling rates

Now we consider the influence of upsampling rates. In the training process, the imaging system is
a 4× oversampling DFT. In this section, we evaluate the proposed method on different sampling
rates without retraining the whole network. Specifically, the reconstruction performances on the
3× and 6× imaging systems are evaluated.

PSNR and SSIM of the reconstructed images are summarized in Table 3. When the sampling
rate is 6×, the reconstructed images have higher or equal SSIM than the 4× DFT system for all
kinds of images. Since the resolution of the captured intensity image is higher, it is more difficult
for the denoising task, and the PSNR is lower than 4× CHCDI system. When the sampling rate is
lower, the quality of the reconstructed images decreases, but the structures can still be preserved
for intensity images with SSIM >0.8.
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Table 3. PSNR and SSIM of the RD-ADMM PR results for CHCDI with
different oversampling rates

Types
6× 3×

PSNR (dB) SSIM PSNR (dB) SSIM

Intensity-only image 32.82 0.952 25.21 0.856

Intensity image with random phase 30.06 0.969 25.18 0.868

Phase-only image 31.71 0.866 25.59 0.571

Phase image with random intensity 33.97 0.964 24.14 0.662

5. Conclusions

In this paper, we propose a new recursive scheme based on the D-ADMM for phase retrieval, called
RD-ADMM. It deals with complex-valued images directly based on the Wirtinger derivatives. A
U-net is adopted to handle the regularization problem for complex-valued images. To show the
performance of the RD-ADMM scheme, we focus on the HCDI system. Due to the undetermined
reference pattern in HCDI, we use a learning-based method to find an optimal pattern based on
the intensity information of the object light. The whole imaging system is called CHCDI. In
this setup, the reference light varies with different objects, which can provide better encoding
results in the far-field imaging plane. The optimal pattern can also make it easier for the decoder,
RD-ADMM, to finish the decoding task and provide high-quality imaging results.
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